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W*-SUPERRIGIDITY FOR BERNOULLI ACTIONS 
OF PROPERTY (T) GROUPS 



ADRIAN lOANA 

Abstract. We consider group measure space IIi factors M = L°°{X) xi F arising from 
Bernoulli actions of ICC property (T) groups F (more generally, of groups F containing 
an infinite normal subgroup with the relative property (T)) and prove a rigidity result 
for *-homomorphisms : M — >• M®M. We deduce that the action F X is W*- 
superrigid, i.e. if A ^ y is any free, ergodic, measure preserving action such that the 
factors M = L°°{X) x F and L°°{Y) xi A are isomorphic, then the actions V r\ X and 
K r^Y must be conjugate. Moreover, we show that if p G M \ {1} is a projection, then 
pMp does not admit a group measure space decomposition nor a group von Neumann 
algebra decomposition (the latter under the additional assumption that F is torsion free). 

We also prove a rigidity result for homomorphisms : M — )• M, this time for F in a 
larger class of groups than above, now including products of non-amenable groups. For 
certain groups F, e.g. F = F2 x F2, we deduce that M does not embed into pMp, for any 
projection p G M \ {!}, and obtain a description of the endomorphism semigroup of M. 
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§0. Introduction. 

0.1 The group measure space construction of Murray and von Neumann associates to 
every probability measure preserving (p.m. p.) action F r\ X of a, countable group F 
on a probability space (X, /x), a finite von Neumann algebra L°°{X) >i F ([MvN36]). If 
the action is essentially free and ergodic then this algebra is a IIi factor which contains 
L°°(X) as a Cartan subalgebra. A central problem in the theory of von Neumann 
algebras is understading how much of the group action is "remembered" by its von 
Neumann algebra. The main goal of this paper is to prove that, for a large, natural 
family of group actions (Bernoulli actions of property (T) groups), their associated 
III factor completely remembers the group and the action. We start by giving some 
motivation for this result. 

By a celebrated result of A. Conncs, if F is infinite amenable, then the IIi factor 
of any free ergodic p.m.p. action F r> X is isomorphic to the hyperfinite IIi factor 
([C76], see also [OW80] and [CFW81]). In contrast, the study of group measure space 
algebras arising from actions of non-amenable groups has led to a deep rigidity theory 
(see the survey [Po07b] and the introduction of [PV09]). 

In particular, S. Popa's seminal work [PoOGab] shows that, for actions belonging to a 
large class, isomorphism of their group measure space algebras implies conjugacy of the 
actions. More precisely, assume that F is an ICC (infinite conjugacy class) group which 
has an infinite, normal subgroup with the relative property (T) and let F X be a free 
ergodic action. Additionally, suppose that A r\ Y = Yq^ is a Bernoulli action. Popa 
proves that if the actions F r\ X and A r\Y are W* -equivalent, i.e. if they produce 
isomorphic von Neumann algebras (also known as W*-algebras), then the actions are 
conjugate ([Po06b]). This means that F = A and there exists an isomorphism of 
probability spaces 9 : X ^Y such that ^F^"-*^ = A. 

The natural question underlying and motivating this result, explicitly formulated in 
the introduction of [PoOGb] , is whether the same is true if one imposes all the conditions 
on only one of the actions. In other words, assume that F is an ICC group having an 
infinite, normal subgroup with the relative property (T) and suppose that F nv X = Xq 
is a Bernoulli action. Is it true that any free ergodic p.m.p. action A r\ Y which is 
W*-equivalent to F rv X, must be conjugate to it? 

Further evidence that the answer to this question is true was provided by Popa. In 
[Po07a,Po06b], he proves that this is the case if the actions are assumed orbit equivalent 
(OE). This amounts to the existence of an isomorphism of probability spaces 9 : X ^ Y 
satisfying 9{Fx) — A{9x), for almost every x E X. Recall that orbit equivalence is 
stronger than W* -equivalence of actions. More precisely, as first noticed in [Si55] (see 
also [FM77]), two actions F r\ X and A r\Y are orbit equivalent if and only if there 
exists an isomorphism of their group measure space algebras, L°°(X) xiF = L°°(Y) >^ A, 
which identifies the Cartan subalgebras L°°{X) and L°°{Y). 
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0.2 The main result of this paper answers affirmatively the above question. Before 
stating it, we first review a few concepts and then introduce some terminology. 

An inclusion (Fq C F) of countable groups has the relative property (T) of Kazhdan- 
Margulis if any unitary representation of F which has almost invariant vectors must 
have a non-zero Fo-invariant vector ([Ka67],[Ma82]). When Fq = F, this condition 
is equivalent to the property (T) of the group F. Examples of relative property (T) 
inclusions of groups are given by {1? C 1? x F), for any non-amenable subgroup F 
of SL2(Z) ([Bu91]), and by (Fq C Fq x Fi), for a property (T) group Fq (e.g. Fq = 
SL^(Z), n > 3) and an arbitrary countable group Fi ([Ka67]). 

For a probability space (Xo,/Uo), the Bernoulli action F r\ {Xq^ij^) is given by 
7 ■ {xg)g = ixj-ig)g, for all {xg)g(zr e Xq and 7 G F. 

In this paper, by a W*- or OE-rigidity result we mean a result proving that two 
actions T r\ X, A r\Y, which are W*- or OE-equivalent, must be conjugate. If this 
happens when only one of these actions is in a fixed class, while the other can be any 
free ergodic action of any countable group, we have a superrigidity result. 

Theorem A (W*— superrigidity). Let T be a countable ICC group which admits an 
infinite normal subgroup Fq such that the inclusion (Fq C F) has the relative property 
(T). Let (Xo,/io) be a non-trivial probability space and let F r\ (X,//) = (Xq ,(Uo) be 
the Bernoulli action. Denote M — L°°{X) x F and let p & M be a projection. Let A r\ 
(F, u) be a free ergodic p.m. p. action of a countable group A. Denote N = L°°{Y) x A. 

If N = pMp, then p — 1, V = K and the actions V r\ X , K r\Y are conjugate. 

Moreover, any *-isomorphism 9 : N ^ M comes from a conjugacy of the actions 
F r\ X , A r\Y and a character of F (see Theorem 9.1). Note that Theorem A provides 
a new, large class of IIi factors which are not group measure space factors. 

Theorem A is proven in the framework of Popa's deformation/rigidity theory by 
playing against each other the "rigidity" of F (manifested here in the form of relative 
property (T)) and the "deformation properties" of Bernoulli actions F rv X (see 1.5). 
Before discussing its method of proof in more detail, let us put into context. 

0.3 Despite remarkable progress in both the areas of W*- and OE-rigidity during 
the last decade (see [Po07b], [Fu09], [PV09]), W* -superrigidity results remained elu- 
sive until very recently ([PelO], [PV09]). Prior to these results, several large classes 
of OE-superrigid actions were found ([Fu99], [Po07a], [P0O8], [Ki06], [I0O8], [Ki09]). 
In addition, for other classes of actions F rv X, it was shown that L°°{X) is the 
unique group measure space Cartan subalgebra of L°°(X) x F, up to unitary conjugacy 
([OP07],[PelO]). However, since no examples of actions having both of these properties 
were known, W*-superrigidity still could not be concluded. 

The situation changed starting with the work of J. Peterson who was able to show the 
existence of virtually W*-superrigid actions ([PelO]). He considered profinitc actions 
of certain groups having infinite subgroups with the relative property (T) and used. 
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among other things, techniques and results from [Pe09] , [OP07] , [I0O8] . 

Shortly after, S. Popa and S. Vaes discovered the first concrete families of W*- 
superrigid actions ([PV09]). Furthermore, they succeeded to prove sweeping W*- 
supcrrigidity results. First, they showed that for groups F in a certain class Q of 
amalgamated free product groups, the IIi factor of any free ergodic action F r\ X 
has a unique group measure space Cartan subalgebra. Then, by applying the OE- 
superrigidity results from [Po07a, P0O8] and [Ki09] they respectively deduced that 
the following actions are W*-superrigid: a) Bernoulli actions, generalized Bernoulli 
actions, Gaussian actions of groups T E Q and b) any free mixing action of F = 
PSLn(Z) *T,^ PSL„(Z) e Q, where C PSL„(Z) is the subgroup of upper triangular 
matrices and n > 3. 

The class Q consists of groups of the form F = Fi *x; F2 subject to several conditions: 

1) S is amenable, 2) S is "almost malnormal" in Fi, normal in F2 and 3) Fi is "rigid" 
(e.g. has property (T) or is a product of non-amenable groups). As is easy to see, 

2) precludes groups F G ^ from having an infinite normal subgroup with the relative 
property (T) . Therefore, Theorem A and the results of [P V09] cover disjoint classes of 
groups. In particular. Theorem A is the first W*-superrigidity result that applies to 
property (T) groups. 

0.4 In this paper, we introduce a general strategy for analyzing group measure space 
decompositions of IIi factors and implement it successfully to derive Theorem A. To 
outline our approach, let M be the IIi factor associated to some fixed, "known" action 
r nv X . The first part consists of "classifying" all unital *-homomorphisms 9 : M ^ 
M0M (or embeddings of M into M0M) in terms of the decomposition M — L°°{X) xF 
(i.e. one would like to have a rigidity result concerning the structure of such 9 (see 
Thm. C)). 

Now, suppose that M also arises as the IIi factor of a "mystery" action A r\Y. The 
decomposition of M as L°°(y) xi A induces a unital *-homomorphism 9 : M ^ M®M 
given by 9{av\) — av\ ® vx, for all o e L°^{Y) and every A e A. This embedding of 
M into M'®M has been introduced and used by Popa and Vaes in the proof of [PV09, 
Lemma 3.2.]. In the second part, we apply the above classification to 9. Thus, we 
have some information about the form of 9 with respect to both group measure space 
decompositions of M. This relates the two decompositions and, ideally, the relationship 
will be powerful enough to imply that the two decompositions coincide, up to unitary 
conjugacy. If in addition we know that the action F X is OE-superrigid then we 
can deduce that the involved actions must be conjugate. 

Remark. Using this strategy it can be readily seen that if a IIi factor M has property 
(T), in the sense of Connes-Jones [CJ85], then it admits only countably many group 
measure space decompositions (see Section 10). 

0.5 Following the above strategy, we prove that the IIi factor M = L°°(X) xi F defined 
in Theorem A has a unique group measure space Cartan subalgebra. In combination 
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with Popa's OE superrigidity result [Po07a] this proves Theorem A. 

To apply our approach, we first need to describe all *-homomorphisms ^ : M — > 
M<S>M. We start by addressing the seemingly easier question of describing all *- 
homomorphisms 9 : M ^ M. In this context, we prove a strong rigidity result in the 
spirit of [Po06b]. 

Theorem B. Let M = L°°(X) >i F be as in Theorem. A. Let 9 : M ^ M be a (not 
necessarily unital) *-homomorphism and assume that F is torsion free. 

Then one of the following holds true: 

(1) 9{M) L{V) or 

(2) 9 is unital and we can find a character rjofT, a morphism S iT ^ T and a unitary 
u e M such that u9{L°°{X))u* C L°°{X) and u9{u^)u* = r]{l)'^S{'y), for all 7 e F. 

Furthermore, generalizing the main result of [Po06b] (in the case of w-rigid growps) , 
we prove a rigidity result for *-homomorphisms between two IIi factors, each of which 
share some, but not all, of the defining properties of M (see Theorem 8.1). 

Before elaborating on conditions (1) and (2), let us recall the notations used in 
Theorem B. Thus, we denote by L{T) C M the copy of the group von Neumann 
algebra of F generated by the canonical unitaries {uy}^^r C M. Also, we use the 
notation Q -<m B to indicate that "a corner of a subalgebra Q G M can be embedded 
into a subalgebra B G M inside a factor M", in the sense of Popa ([Po06a], see 1.3.1). 
This roughly means that we can conjugate Q into B with a unitary element from M. 

Now, condition (1) essentially says that 9 comes from an embedding of M into L{T). 
To better explain condition (2), we rephrase it differently using the following example. 

Example. Quotient actions naturally induce *-homomorphisms between group measure 
space algebras. Recall that an action F r> y is a quotient (or a factor) of an action 
r r\ Z if there exists a F-equi variant, measure preserving map g : Z — )■ F. This is 
equivalent to the existence of a *-homomorphism 9 : L°°{Y) xi F — )■ L°°{Z) x F such 
that 9{L°°{Y)) C L°°{Z) and 9{u^) = u^, for aU 7 e F. 

With this in mind, (2) says that there exists a subgroup F' of F isomorphic to F such 
that 9 comes from a conjugacy between T r\ X and a quotient of the action F' r\ X. 

0.6 Next, returning to our initial question of describing *-homomorphisms 9 : M ^ 
M'^M, we prove the following classification result. 

Theorem C. Let M = L°°(X) xi F be as in Theorem A. Let 9 : M ^ M®M be a 

(not necessarily unital) *-homomorphism and assume that F is torsion free. 

Then one of the following holds true: 

(1) 9{L{To)) <M^M L{T) ® 1 or 9{L{To)) ^m^m 1 ® ^(r). 

(2) 9{M) ^^^^ L{V)®M or 9{M) ^^^^ M®L{V). 

(3) 9 is unital and we can find a character 77 ofV, two group morphisms 5i, (^2 : F — >■ F 

and a unitary u E M such that u9{L°°{X))u* C L°°{X)^L°°{X) and u9{u^)u* = 

^(7)(«<5i(7) ® '".52(7))' 7 e r. 
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This result holds true without the torsion freeness assumption, but in this case 
its statement becomes considerably more complicated (see Theorem 8.2). Therefore, 
for simplicity, we assume only here that F is torsion free although we will later state 
and prove Theorem C in full generality. This generalization will enable us to prove 
Theorem A for groups with torsion, including the interesting examples SL„(Z) (n > 3) 
and Z2xSL2(Z). 

0.7 In Section 9, we will combine Theorem C and the strategy described in 0.4 to 
deduce Theorem A. Since the argument needed is quite involved, we will not elaborate 
more on this here. Rather, we mention a few words on the proofs of Theorem B and 
C. Since these proofs are analogous, let us only discuss the simpler case of Theorem B. 

Consider, for simplicity, a unital embedding ^ of M = L°^{X) xi F into itself. The 
starting point of the proof of Theorem B is Popa's "absorption" result for relative prop- 
erty (T) subalgebras of M which enables us to assume that 6{L{T)) C L{T) ([Po06a]). 

The main ingredient of the proof consists of the following dichotomy for abelian 
subalgebras of IIi factors coming from Bernoulli actions. 

Theorem D. Let T nv {X,fx) be a Bernoulli action of a countable group T. Denote 
M = L°°(X) XI r and let D <Z M be a unital abelian von Neumann subalgebra. 
Suppose that there exists a sequence of unitaries {wn}n>i C L{r) such that u^, ^ 
(weakly) and normalizes D (i.e. UnDu*^ — D), for all n> 1. 

Then either: 

(1) D L{T) or 

(2) D'nM is of type I and there exists a unitary u e M such that uL°° {X)u* C D'nM. 

The proof of Theorem D is based on several new ideas as well as on an idea of J. 
Peterson ([PelO], see Section 3). Let us emphasize two key tools that we introduce, 
both of which are related to a certain notion of "height" . 

First, fix an element x in a group von Neumann algebra L(r) and write x = 
"^^^Y XjUj, where x^ e C. The height of x is defined as h{x) — max^gr l^-y] and 
measures the distance between x and the group P = {u^}j^r C -£'(r). With this nota- 
tion, we show that if condition (1) of Theorem D fails, then inf„ /i(tt„) > 0. Roughly, 
this means that the u^s are uniformly close to F. This fact is crucial because it allows 
us to carry subsequent calculations by analogy with the case when u„ e F. 

More generally, if a; = Sger ^g'^g element of a crossed product algebra M = 

^ XI P, then we define its height over A as hA{x) = max^^r H^^glh- Our second tool is a 
new "intertwining theorem" for subalgebras D C M. Thus, we prove that if the height 
function Ha is bounded from below on the unitary group of D, i.e. inf^gj^(£)) h^ix) > 0, 
then a corner of D can be embedded into A inside M (see Theorem 1.3.2). 

Returning to the explanation of Theorem B, fix a sequence {7n}n>i C P with 
7^ — >■ oo. Notice that the unitary elements tt„ = 0{uy^) belong to I'(P) and normalize 
D = e{L^{X)). By applying Theorem D we derive that either {I) D L{T) or (2) 
D' D M = uL°° {X)u* , for some unitary u (this is true only up to finite index). 
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In the first case, since 9{L{r)) C L{r), we deduce that 9{M) -<m L{r), thus condi- 
tion (1) in the conclusion of Theorem B is satisfied. 

In the second case, denote by T the group {9{uj)}y^r- Then T normahzes D = 
D' r\M. The crossed product algebra N = D y\t, viewed inside M = L°°{X) x T, has 
the property that its core, Z), is a unitary conjugate of L°"{X) in addition to satisfying 
L(r) C L{r). A generalization of Popa's conjugacy criterion for actions ([Po06b], see 
Section 7) implies that we may in fact assume that F C F (modulo scalars). In other 
words, condition (2) in the conclusion of Theorem B holds true. 

0.8 We continue with an application of Theorem B. 

Corollary E. Let F r\ {X, ji) he a non-trivial Bernoulli action ofV — x with 
2 < m,n < oo. Denote M = L°°{X) x F. 

If 9 : M ^ pMp is a unital *-homomorphism, for some projection p G M , then p — 1. 
Moreover, there exist a character r}ofV,a group morphism 5 : F — > F and a unitary 
u e M such that u9{L°°{X))u* C L°°{X) and u9{u^)u* = r]{'^)us^^), for all 7 e F. 

The proof of Corollary E is the combination of two facts: an extension of Theorem B 
to groups F that are products of non-amenable groups (see Theorem 8.1) and a result 
of N. Ozawa and S. Popa guaranteeing that, if F is non-amenable and has the complete 
metric approximation property (e.g. if F = x F^), then there is no embedding of 
M into L(F) ([OP07]). 

Corollary E provides the first examples of IIi factors M which do not embed into 
any of their corners. (The question of whether such factors exist was posed by N. 
Ozawa during a seminar at UCLA in 2007.) Corollary E also reduces the calcula- 
tion of the endomorphism semigroup of M (i.e. the semigroup, End(M), of unital 
*-homomorphisms 9 : M ^ M) to an ergodic-theoretic problem. More precisely, any 
9 e End(M) is determined by the following data: a character of F, a morphism 
5 : F — > F and a measure preserving map q : X ^ X satisfying q{5{'y)x) = ^q{x), for 
every 7 e F and almost all a; e X (see the example from 0.5). 

0.9 Finally, let us present an application of Theorem C. 

After introducing the group measure space construction in [MvN36], Murray and 
von Neumann later found a simpler way of constructing IIi factors. Thus, to every 
countable group A, one can associate its group von Neumann algebra, L{A) ([MvN43]). 
This algebra is finite in general and it is a IIi factor if and only if A is ICC. 

The first examples of IIi factors which are not group von Neumann algebras were 
discovered by A. Connes ([C75], see also [J08O]). Recently, more examples have been 
exhibited in [IPP08] and [PV08a]. All of these examples were obtained by analyzing 
anti-automorphisms. More precisely, one first proves that the IIi factors involved 
either do not have anti-automorphisms ([C75],[IPP08],[PV08a]) or do not have anti- 
automorphisms of order 2 ([J08O]). Then, since any group von Neumann algebra L(A) 
admits an anti-automorphism of order 2 (given by ^{vx) = vx-i, for A e A), one 
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deduces lack of group von Neumann algebra decomposition. 

As a consequence of Theorem C, we obtain a wide class of new examples through a 
different method. 

Corollary F. Let = L°°{X) >]T be as in Theorem A. Assume that T is torsion free. 

Then, for any projection p & M \ {0, 1}, the II\ factor pMp is not isomorphic to the 
group von Neumann algebra, L{A), of a countable group A. 

For a more general statement, see Theorem 10.1. 

Corollary F provides in particular the first examples of IIi factors which have invo- 
lutary anti-automorphisms and yet are not group von Neumann algebras (see Remark 
10.3). This answers a question posed by V.F.R. Jones in [Jo80, Remark 5.7.]. 

The proof of Corollary F borrows its main idea from the strategy described in 0.4. 
If pMp = L(A), then : pMp — >■ pMp®pMp given by 0{v\) = v\ ® v\ is a unital *- 
homomorphism. By taking amplifications, we get a *-homomorphism 6 : M ^ M®M 
with t{6(1)) = t{j>). It is immediate to see that 6 does not verify conditions (1) and 
(2) of Theorem C. Therefore, 9 is forced to be unital and hence p = 1. 

Furthermore, as we explain in Section 10 (IV), an extension of our results can be 
used to show that the IIi factors pMp from Corollary F are in fact not isomorphic to 
any twisted group von Neumann algebra Lq,(A). 

Corollary G. Let = L°°(X) y\T he as in Theorem A. Assume that F is torsion free. 

Then, given a projection p e M\{0, 1}, the IIi factor pMp is not isomorphic to Lq,(A), 
for any countable group A and any 2-cocycle a e -H^(A, T). 

Organization of the paper. Besides the introduction, this paper has ten other sections. 
In Section 1, we recall a few notions and results regarding von Neumann algebras 
and establish a crucial intertwining result (Theorem 1.3.2). In Section 2, we prove an 
"absorption" result for relative property (T) subalgebras of IIi factors coming from 
generalized Bernoulli actions. The proof of Theorem D occupies Sections 3-6. Further, 
in Section 7, we generalize Popa's conjugacy criterion for actions. In Section 8, we 
combine the results of the previous sections to derive Theorems B and C, while in 
Section 9 we deduce Theorem A. Our last section is devoted to several applications of 
Theorems B and C (including Corollaries E, F and G). 

Acknowledgments. I would like to thank Jesse Peterson for explaining [PelO] and Sorin 
Popa for many useful suggestions. I am also grateful to Vaughan Jones for bringing 
to my attention the question that led to Corollary G, Stefaan Vaes for providing me 
with an argument which simplifies the initial proof of Theorem 9.1 and the anonymous 
referee for several suggestions which helped improve the exposition. This paper was 
written while I was visiting the Department of Mathematics at UCLA. 
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§1. Preliminaries. 

1.1 Finite von Neumann algebras. We first review a few concepts and constructions 
involving von Neumann algebras (see e.g. [BrOzOS]). In this paper we work with finite 
von Neumann algebras M always endowed with a fixed faithful normal tracial state 
T. We denote by L'^{M) the Hilbert space obtained by completing M with respect 
to the 2-norm ||a::||2 = t{x*x)^. Hereafter, we see every x G M both as an element 
of LF'iyM) and as a bounded (left multiplication) operator on L?[M). The inequality 
||aa;6||2 < ||a|| ||a;||2 \ \h\\, for all a,h,x & M, will be used often. 

We denote by U{M) the group of unitaries of M, by Aut(M) the group of auto- 
morphisms of M endowed with the pointwise ||.||2 topology and by idM the identity 
automorphism of M. For every u G IA{M)^ the inner automorphism Ad(tt) of M is 
given by Ad(u)(x) = uxu* . We also denote by V{M) the set of projections of M, 
by Z{M) the center of M and by (M)i the set of a; G M with ||a;|| < 1. A Hilbert 
space T-L is called an M-bimodule if it is endowed with commuting left and right Hilbert 
M-module structures. For a subset X of M, we denote by L^(X) its closure in L^{M), 
hj X' n M its commutant in M and by X" the von Neumann algebra it generates. 

Let S be a unital von Neumann subalgebra of (M, r). We denote by qNM{B) the 
quasi-normalizer of B in M, i.e. the set of a; G M for which there exist xi, ..,Xn G 
M satisfying xB C Er=i ^^i' ^ Er=i (see [Po06c]). Note that qNuiB) 
contains Mm{B)^ the normalizer of B in M, i.e. the set of unitaries u e M such 
that Ad{u){B) = B. If qMuiB)" = M, we say that B is quasi-regular in M and if 
J\fM{B)" = M, we say that B is regular in M. If Fq C F is an almost normal inclusion 
of countable groups, then i^(Fo) is quasi-regular in L(F). 

Recall that if cb is the orthogonal projection from L'^{M) onto L'^{B), then its 
restriction to M is equal to Eb-, the conditional expectation from M onto B. Jones' 
basic construction (MjCb) is the von Neumann algebra generated by M and cb inside 
]B(L^(M)). The basic construction (M, cb) contains the span of {xcbvIx, y G M} as a 
dense *-subalgebra and is endowed with a faithful normal semi-finite trace Tr given 
by Tr{xeBy) = T{xy). We denote by L'^{{M,eB)) the associated Hilbert space. 

Next, let a; be a free ultrafilter on N. For a finite von Neumann algebra (M, r), 
we denote by (M'^,Ta,) its ultrapower algebra, i.e. the finite von Neumann algebra 

£°°{N, M)/X, where the trace r^j is given by Ti_j{{xn)n) = hnirn-cj ^(xn) and X is the 
ideal of a; = {xn)n e £°°(N,M) such that t^{x*x) = 0. Note that M embeds into ilf^ 
through the map x {xn)n, where Xn = x, for all n, and that any automorphism 
9 of M extends to an automorphism of M'^ by letting 6{{xn)n) — {9{xn))n-i for all 
X = (xn) G M'^. 

Finally, let M be a IIi factor and t > 0. Let n > t be an integer and p G M„(C) (8)M 
be a projection of normalized trace ^. The isomorphism class of the algebra p(M^(C) ® 
M)p is independent of the choice of n and p, is called the t -amplification of M and is 
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denoted by M*. If iV is a III factor and ^ : AT — )■ M is a unital *-homomorphism, then 
for every t > there exists a natural *-homomorphism 9* : — > M*. Moreover, 9* in 
uniquely defined, up to composition with a inner automorphism. 

1.2 The crossed product construction. Let cr : F — > Aut(5) be a trace preserving 
action a countable group F on a finite von Neumann algebra {B,t) ([MvN36]). Set 
n = L'^{B)M'^{T) and for every 6 e S, 7 e F define the operators Lf,u^ e M{n) 
through the formulas 

Lb{b' (8) 5y) = bb' ® 5y , Uj{b' (g) 5^) = a{^){b') ® , W e ^^(S), 7' e F. 

Since u^u^' = u^^.LhLb' = Lbb'^u^LbU* — Lcr(-Y)(b), for every 7,7' G F and 6,6' G 
B, the linear span of {Li,Uj\b G S, 7 G F} is a *— subalgebra of B('H). The strong 
operator closure of this algebra, denoted B x^- F, is called the crossed product von 
Neumann algebra associated to a. The trace r extends to a trace on S xicr F given 
by T{buj) = S^ e^ib), making S x^- F is a finite von Neumann algebra. Every element 
a; G -B Xo- F decomposes as a; = where the convergence holds in ||.||2 and 

by G -B, for every 7 G F. 

Two important examples of crossed product algebras arise when B is either trivial 
or abelian. Firstly, if i? = CI (with F acting trivially), then the associated crossed 
product algebra is precisely the group von Neumann algebra L(r) of F ([MvN43]). In 
general, we have the natural embedding L(F) = {W7I7 G F}" C -B x^- F. Secondly, 
if S = L°°(X), for some standard probability space {X,fi), then cr comes from a 
probability measure preserving (p.m. p.) action F rv°^ {X,fi). The crossed product 
algebra L°°{X) x^- F is called the group measure space construction associated with a 
([MvN36]). If F is infinite and a is (essentially) free and ergodic, then L°°{X) Xcr F is 
a III factor and L°° (X) is a Cartan subalgebra, i.e. it is regular and maximal abelian. 

Two free, ergodic p.m.p. actions F r\ (X, /i) and A r\ {Y, u) are said to be 

• conjugate if there exist a measure space isomorphism 9 : X ^ Y and a group 
isomorphism 5 : F — )> A such that 9{'jx) = 6{'y)9{x), for almost every x & X , 

• orbit equivalent if there exists a measure space isomorphism 9 : X ^ Y such that 
9{Tx) = M{x), for almost every x G X, and 

• W*-equivalent (or von Neumann equivalent) if L°° (X) x F = L°° (Y) x A. 

If two actions are conjugate, then they are orbit equivalent. In turn, two actions are 
orbit equivalent if and only if the inclusions (L°°(X) C L°°{X) x F) and {L°°{Y) C 
L°°(F) X F) are isomorphic ([Si55], [FM77]). This shows that orbit equivalent actions 
are W* -equivalent; the converse is false by [CJ82]. 

A p.m.p. action F rv {X, //) is weakly mixing if for any measurable sets Ai, .., of 
X and every e > we can find 7 G F such that \fj,{'yAi fl Aj) — iJ,{Ai)iJ,{Aj)\ < s, for 
all i.j. It is mixing if for any measurable sets Ai, A2 G X and every £ > we can find 
F C F finite such that \id{^Ai n Aj) - ii{Ai) ii{Aj)\ < e, for aU 7 G F \ F. 
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1.3 Popa's intertwining technique. In [Po06a], S. Popa introduced a very powerful 
technique for proving unitary conjugacy of two subalgebras of a finite von Neumann 
algebra. Throughout the paper, this technique will play a central role. Here, we recall 
Popa's result and establish a strengthening of a particular case of it that will be crucial 
in the proof of our main results. 

1.3.1 Theorem [Po06a, Theorem 2.1. and Corollary 2.3.]. Let (M, r) be a finite 
von Neumann algebra together with two, possibly non-unital, von Neumann subalgebras 
B and Q (with units 1b and 1q, respectively). Then the following are equivalent: 

(1) There exist non-zero projections q G Q,p G B, a *-homomorphism if: : qQq pBp 
and a non-zero partial isometry v e pMq such that i(^{x)v = vx, for all x G qQq- 

(2) There exist ai,..,an G IbMIq and e > such that Yl7j=i \ \EB{0'iua*)\\2 > e, for 
all u G U{Q). 

(3) There exist ai, ..,a^ G IbMIq, £ > and a group U C U{Q) such that U" — Q 
and "^^j^i \ \EB{aiUa*)\\2 > £, for all u gU. 

If one of these conditions holds true, we say that a corner of Q embeds into B inside 
M and write Q -<m B. Note that if Si, i?2, •• is a sequence of von Neumann subalgebras 
of M such that Q -^m Bi, for alH > 1, then for every group U C U{Q) with U" = Q 
we can find a sequence {un}n>i C U such that lim„^.oo \ \EBi{aUnb)\\2 — 0, for alH > 1 
and every a, 6 G M. This statement follows from Theorem 1.3.1 (see [IPP08, proof of 
Theorem 4.3] or [Va08, Remark 3.3]). 

If M = S xiF, for some action of a countable group F, then condition (2) is equivalent 
to the following: there exist F CT finite and e > such that for every u G U{Q), the 
Fourier coefficients bj — Eb{uu*) satisfy max^gi? imib > £• Below, we show that this 
is equivalent with the apparently weaker condition max^^-p \ \b^\\2 > £, for all u G U{Q). 

1.3.2 Theorem. Let a : F — )■ Aut{B) be an action of a countable group F on a finite 
von Neumann algebra {B,t) and set M = S x^. T- Let Q (Z M be a von Neumann 
subalgebra. If there exists e > such that max^gr ||-£'B(tttt*)||2 > £, for all u G U{Q), 
then Q -<B M. 

Proof. We begin the proof with the following: 

Claim 1. Let a be the flip automorphism of Q<S>Q, i.e. a{x <S> y) = y <S> x, for all 
x^y E Q, and let Q = {Q®Q)'^ be the von Neumann algebra of ct-fixed points. Then 
U ■.= {u® u\u G U{Q)} C U{Q) satisfies U" = Q. 

Proof of claim 1. Let "H be the 1 1.| |2-closure of the span of U. Then the claim is 
equivalent to L'^{Q) — %. First notice that the span of {x ® y -\- y ® x\x.,y G Q} is 
dense in L'^{Q). Since x,y E Q are finite linear combinations of hermitian elements 
of Q, the span of {hi <8) /i2 + ^2 ® hi\hi = hi G Q,/i2 = ^2 ^ Q} is also dense in 
L^(Q). Next, remark that for every hi,h2 G Q we have that hi ® h2 -\- h2 ® hi = 
{hi + h2) ® {hi + /i2) -hi®hi—h2® /i2- 
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Altogether, to prove the claim it suffices to show that for every hermitian element 
h e Q we have that h ® h e %. Towards proving this, fix /j, = /i* e Q. Let P 
be the orthogonal projection from L'^{Q) onto % and let a : M — > "H be given by 
a{t) = P{e'^^ (g) e'*^). By the definition of H we get that a(t) = 0, for all t G M. On 
the other hand, we have that e^*^ ® e^*^ = _i_^m+n^m+n|-^m ^ /j,")^ where the 

sum is absolutely convergent in the uniform norm and thus in ||.||2- Therefore we have 
that = a{t) = Em,n>o for aU t e R, and by analyticity aU 

the coefficients of a must be equal to 0. In particular, we derive that h^l + l^h 
and (g) 1) + /i (g, /i + 1 (1 (g, /i2) e for aU hermitians h e Q. Thus h ^ h e H, 
which concludes the proof of the claim. □ 

Further, we can assume, that Q is diffuse, otherwise the conclusion of the lemma is 
trivial. Then we can find v G U{Q®Q) such that a{y) — —v. Indeed, Q contains a copy 
of L°°([0, 1]), so we can just take v G L°°([0, 1] x [0, 1]) C Q®Q given by v{x, y) = 1, 
ii X > y and v{x, y) — —1, if a; < y. If we let V = U{Q) U U{Q)v, then V is a subgroup 
oiUiQ'^Q) and V" = Q®Q. 

Now, write M®M = {B®B) x (T x T), let A(r) = {(7,7)|7 G T} C T x T and set 
N = {B®B) X A(r). 

Claim 2. Q®Q -< m®m ^• 

Proof of claim 2. We start by noticing that for every u G U{Q) 



En{u®u)\\1^\\En{ (^b(^0®^s(«<))«(7i,72))II2 = 

(7i,72)erxr 



\\Y,{Eb{uu*^) ® Eb{uu*^))u^^,^))\\1 = \\EBiuu;)\\i > 
7er 7er 

By combining claim 1 with Popa's result (Theorem 1.3.1) we get that Q -<m®m ^ • 
Since V = U{Q) \JU{Q)v is a group and satisfies V" = Q^Q, it easily follows that 
Q^Q -<M0M claimed. □ 

We are now ready to show that Q -<m B. By claim 2, we can find ai, .., a„ G M®M 
and c > such that Yll^ j=i ll-^7v(oiWa*)||2 > c, for all u G U{Q®Q). By using ||.||2 
approximations (see 1.2) and the fact that is AT-bimodular, we may assume that 
ai = 14(6,74)) for some 7j G F. Then, for every u G U{Q), u^lE U{Q®Q)^ hence 



<Y\\EN{a^{u®l)a]\\l^ Y \\En{u®u^^^-i)\\1^ ^ \\Eb{uu 



\l 



which proves the lemma. ■ 
We end this subsection with the following lemma, whose proof we leave as exercise. 
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1.3.3 Lemma. Let {M,t) be a finite von Neumann algebra and let Q,B (Z M be 
two von Neumann subalgebras. Let p e 2{Q) be a central projection and set p' = 
V„eAAM(Q) ^P^* ^ ^(Q)- VQp' B then Qp B. 

1.4 Rigid inclusions of von Neumann algebras. We next recall S. Popa's notion 
of rigidity for inclusions of finite von Neumann algebras. Let (M, r) be a finite von 
Neumann algebra together with a von Neumann subalgebra B. The inclusion {B C M) 
is rigid (or, has the relative property (T)) if any sequence of subunital ($n(l) < 1); 
subtracial o t < r), normal completely positive maps 5^ : M — )■ M which satisfy 
lim^^oo 11*^*71(3^) ~ 2;||2 = 0, for all x G M, converges to the identity uniformly on the 
unit ball of B, i.e. lim^^oo sup^^^^ ||i||<i I l^n(a^) — 2;| I2 = ([Po06c]). In the case when 
B = M,we say that M has property (T) ([CJ85]). 

For two countable groups Fq C F, the inclusion {L{To) C -£'(F)) is rigid if and 
only if the inclusion (Fq C F) has the relative property (T) ([Po06c, Proposition 5.1.]). 
By the classical results of Kazhdan and Margulis, the inclusions (SL^(Z) C SL^(Z)) 
(n > 3) and (Z^ c Z^)^ SL2(Z)) have the relative property (T) ([Ka67],[Ma82]). 
Recall that a group F has property (T) of Kazhdan if and only if the inclusion (F C F) 
has the relative property (T). For examples of property (T) groups, see the extensive 
monograph [BHV08]. 

1.5 Weakly malleable deformations of Bernoulli actions. S. Popa discovered 
that Bernoulli actions F r\ [Xq^hqY' have a remarkable deformation property, and 
called it malleability ([Po06a]). By pairing it with property (T) of the group F, he 
proved striking rigidity results concerning the associated IIi factor ([Po06ab]). Since 
then, malleable deformations have been found in several other contexts and are now a 
central tool in Popa's deformation/rigidity theory (see [Po07b, Section 6]). In [Io07], 
in order to extend some of Popa's results [Po06ab] to IIi factors coming from Bernoulli 
actions with arbitrary base, we introduced a new class of malleable deformations. 

To recall their construction from [Io07, Section 2], let (S, r) be a finite von Neumann 
algebra and let F r> / be an action of a countable group on a countable set. For every 
set J C /, we denote B'^ — <S>ieji^)^- Whenever J C J', we view S*^ as a subalgebra 
of B"^ , in the natural way. Let cr : F — )■ Aut(S^) be the generalized Bernoulli action 
defined by o^{'J){<S>^£IXi) = <S>i£iXry-i.i, for every x = ®i^iXi e B^ and 7 e F. Let 
M = B^ xig. F be the associated crossed product von Neumann algebra. 

Next, we augment M to a von Neumann algebra M and define a 1-parameter group 
of automorphisms {9t}teR of ^ such that — )> id^, in the pointwise ||.||2 topology, as 
t ^ 0. Towards this, we define the free product von Neumann algebra B = B * L(Z). 
Let a- : F — > Aut(S^) be the generalized Bernoulli action. It is clear that B^ C B^ and 
that a extends cr, hence we have the inclusion M C M := B^ >i^T. 

Now, let u G L(Z) be a Haar unitary such that L{Z) = {u'^\n G Z}" and let h G L(Z) 
be a hermitian element such that u = e^^ . For every t G M, we define the unitary 
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element Ut = e**'* e and consider the automorphism 6t = <Sii£iAd{ut)i of . 

Since $t commutes with a, it extends to an automorphism of M through the formula 
^t{x) = Z]76r ^^(^7)%' ^ = Y^-yeT^-z^h ^ Since lim^^o \\ut - III2 = 0, we 

get that 6't — )■ id^, , as t — > 0. We end this section by noticing that {Ot}t£m admits a 
certain ^5— symmetry (see e.g. [Po06a, section 1.4]). 

1.5.1 Lemma. There exists an automorphism 13 of M such that = idj^, I3\m = ^<^m 
and pOtP = e^t, for all t e E. 

Proof. Since u generates L(Z), it follows that M and {^ie/tt"* jn^ e |{z e I\ni 7^ 
0}| < 00} generate M as a von Neumann algebra. Using this observation it is immediate 
to see that defined by — idM and = ®i^iu~'^\ for every Ui E Z such 

that {i E I \ni 0} is finite, extends to an automorphism of M with the desired 
properties. ■ 

§2. Rigid subalgebras of Hi factors arising from 
generalized bernoulli actions 



Let M = XI r be the IIi factor associated with a Bernoulli action. S. Popa 
showed, as part of his deformation /rigidity theory., that if B is abelian then any rigid 
subalgebra Q of M whose normalizer generates a factor can be conjugated inside L{T) 
by a unitary element ([Po06a, Theorem 4.1.]). The proof exploits the tension between 
the rigidity of the inclusion Q d M and the malleability property of Bernoulli actions. 

In [Io07, Theorems 3.6., 3.7.], by using the weakly malleable deformations associated 
with M we showed that any rigid subalgebra Q of M has a corner which embeds into 
L(r), regardless of any regularity property of Q. In this section, by relying on ideas 
and techniques from [Io07] and by following a deformation/rigidity strategy we extend 
the last result to the class of generalized Bernoulli actions. 

2.1 Theorem. Let T a countable group acting on a countable set I. For i E I, denote 
by Ti its stabilizer in F. Let {B,t) be an abelian von Neumann algebra. Let a : F ^ 
Aut{B^) be the generalized Bernoulli action and denote M = B^ F. Suppose that 
Q is von Neumann subalgebra of M such that the inclusion (Q C M) is rigid. 

Then Q <m L{F). 

Moreover, if F is ICC and Q -/^m L{Fi), for every i & I, then there exists a unitary 
u E M such that uQu* C L{F). Furiherm,ore, in this case, we have that uPu* C L{F), 
where P is the von Neumann algebra generated by the quasi-normalizer of Q in M. 

This theorem generalizes three other results in the literature. The first part and 
the moreover part of 2.1 extend respectively [Va08, Lemma 5.2.] and [PV08, Theorem 
6.5.] in whose hypotheses it is additionally assumed that P -^m B^ x^- Fj, for all i El. 
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Theorem 2.1 also generalizes (a particular case of) [Io09, Proposition 3.3] which shows 
that M admits no rigid subalgebra Q such that Q C . 

Proof. Let M and {9t}te«. be defined as in Section 1.5. Since the inclusion Q C M is 
rigid, the inclusion Q C M is rigid (by [Po06c, Proposition 4.6.]). Since — > id^, we 
can find t > such that | |6'i('u) — tt| I2 < |) for every u e U{Q). Let v be unique element 
of minimal 2— norm in the 1 1 . 1 1 2-closed convex hull of the set {9t{u)u* \u G W(Q)}. Then 
Ik — III2 < I, hence v 0. Also, by construction, v e M, < 1 and 9t{u)v = vu, 
for all ueU{Q). 

Next, let £ > such that 5 := llf llo — (H — , =)£ > 0. Then we can find finite 

sets F C I, K C r and w in the linear span of {B^Ujl^y G K} such that ||w — 1'||2 < £ 
and \ \w\ \ < 1. Suppose for simplicity that K = {7~^|7 G K}. Also, we use the notation 
KF — {k ■ i\k E K,i ^ F}. Denote by T be the orthogonal projection from L'^[M) 
onto the closed linear span of {{B^ (g) B'^^^\-^)uj\'j G F}. 

Claim 1. For all u G U{Q), we have ||T(zi;w)||2 > S. 

Proof of claim 1. Fix u G U{Q). Then \\6t{u)w — wu\\2 = \\6t{u){w — v) — {w — 
v)u\\2 < 2e. Decompose wu = '^^^■p '^-y'^-r 9t{u)w = X]76r^7'^7- Since u G M, 
w G ^^^K B^Uj and K = K~^, an easy calculation shows that G B^®B^\^ and 
67 G W^^®{utBuiy\''^^ , for all 7 G F. 

Denote by and i?-y the orthogonal projections from L'^[B^) onto L^{B^^'^^^) 
Qxvdonio L'^{B^^^®{utBuiy\^^^), respectively. Since G B^®B^\^, [Io09, Lemma 
3.5] implies that 

(2.a) ||i?7K)ll2 < \r{ut)t\\a^\\l + (1 - \T{ut)t)\\S^{a^)\\l\J^ G F 

Now, since Rj{bj) = b^, for every 7 G F, we get that 

(2.b) ||a-y — i?-y(a-y)||2 < ||a-y — 6^1 12 = — 9t{u)w\\2 < 4£^ 

On the other hand, (2. a) implies that 

(2.C) E - ^7K)lli > (1 - \r{ut)\') E ll«7 - -^^K)!!! 

7Gr 7er 

Since G B^'^B^'^^ we have T{wu) = Yli-yeT S'y{aj)uy. By combining (2.b) and (2.c) 
we get that \\T{wu) — wu\\2 < 4£^(1 — \T{ut)\'^)~^ , which yields the claim. □ 

Next, let {Bn}n>i be an increasing sequence of unital, finite dimensional subalgebras 
of B such that Un>i-B„ is dense in B. For n > 1, set = >jT and denote by 
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En the conditional expectation from M onto M„. Since the inclusion Q C M is rigid 
and En — >■ idM, we can find no > 1 such that \\Enf^(u) — tt||2 < |, for all tt e U{Q). 
Together with (2.c) this yields 

(2.d) \\T{wEr,,(u))\\2>^-,'iu^U{Q) 
Claim 2. We have Q LiV). 

Proof of claim 2. Assuming this is false, we get a sequence {«m}m>i C U{Q) such that 
\\EL{v){(i'Ural>)\\2 ^ 0, for all a,b e M. We will prove that 

(2.e) I \T{cUgEn, ium))\\2 ^ 0, Vc e 5^, ^ e T 

Note that since w belongs to the linear span of {B^u^\^ e K}, (2.e) implies that 

\\T{wEn„{um))\\2 " ^ 0, which contradicts (2.d). 

To deduce (2.e), write Um = J^-yer ^m'^'y^ where G B^, and assume ||c|| < 1. 
Since Eng^^r = Ebt^ and a commute we have cUgEno{um) = Y.-yer '^^b^^ i'^g{^7n))^9'y 

As c e B^, we get that T{cUgEng{um)) = E^er ('^^s^^ (^fl(^m))%7 = 

c'Y^^-p E^FugiKF{ag{x'^))ug-y. Thus, as ||c|| < 1, we have 

(2.f) \\T{cUgE{u^ml < \\Es--^.KF{ag{ximl = Y.\\E 

' ''-0 ' ■* '^O 

Let {Ci}i=i be an orthonormal basis for S^q. For J G I finite and s = {si)i^j G 
{1, .., l}-^, set = <»iejCai e B^^. Then {Cs}se{i,..,i}-^ is an orthonormal basis for B^^, 
hence 

(2.g) \\E^,-^.^,MxU\l= E E \r{^sxUt)\'< 

se{i,..,i}s-^Fte{i,..,i}'"' 
The combination of (2.f) and (2.g) gives that 

\\T{cUgE{u^))\\l< E E II^L(r)(6«m6)||i^0. 

se{i,..,i}9-^^te{i,..,i}'<^ 

For the moreover part of the statement, assume that F is ICC, i.e. L(T) is a factor, 
and that Q -/<m -^(Fj), for all i G /. 
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Claim 3. For every relatively rigid von Neumann subalgebra Q G M which verifies 
Q L{Ti), for all i & I, we can find a unitary u & M and a non-zero projection 
q' eQ'DM such that u{Qq')u* C L(r). 

Proof of claim 3. By the first part of the proof we have that Q -<m L{r). Since 
Q LiVi), by [Va08, Remark 3.8.] we can find non-zero projections q E p E L{r), 
a *-homomorphism : qQq — )> pL{r)p and a partial isometry ^ v E pMq such that 
il:{x)v — vx, for all x G qQq, and i^{qQq) 7^L(r) LiTi), for all i E I. Thus, by [VaOS, 
Lemma 4.2.(1)] we deduce that ipiqQq)' r\pL{T)p C pL(T)p. In particular, it follows 
that vv* E pL{T)p and hence vQv* C L{T). Since v*v E (qQq)' fl qMq we can find a 
projection q" E Q' ClM such that v*v = qq" . Let w E M he a, unitary extending v, then 
w{qQqq")w* = vQv* C L{r). Since i^(r) is a factor it follows that we can find a unitary 
u E M such that u{{Qq")z)u* C i^(r), where 2; is the central support of qq" in Qq" . 
Since the center of Qq" is contained in Q'OM we deduce that ^ q' = q"z E V{Q'r\M) 
satisfies the claim. □ 

Now, let q E Q,q' E Q' f] M such that T{qq') — ^, where n > 1 is an integer, 
and consider the natural embedding of Qq := Mnxni^QQl') into M. By [Po06c], the 
inclusion Qq C M is rigid. Since Q -/<m ^^i], we get that Qo t^m ^^i], for all i El. 
Thus the conclusion of claim 3 holds true for Qq. A close inspection of the last part 
of the proof of [Po06a, Theorem 4.4. (ii]\ reveals that this fact and the factoriality of 
L(r) are enough to imply (via a maximality argument) that we can find u E U{M) 
such that uQu* C L{T). Finally, [VaOS, Lemma 4.2.(1)] implies that uPu* C L{T). ■ 

2.2 Remark. Let N he a finite von Neumann algebra. The above proof can be 
modified to show that if a Neumann subalgebra Q C M<S)N satisfies {$t<S>idN){x)v = vx, 
for every x E Q, for some fixed ^ v E M^N and t ^ 0, then Q -<m^n L{r)®N. To 
see this, just replace throughout the proof any subalgebra A G M with the subalgebra 
AW of MW. 

§3. A SPECTRAL GAP ARGUMENT. 

In the next sections, we prove a series of results concerning tensor products of IIi 
factors arising from Bernoulli actions (Theorems 3.2, 4.1 and 6.1). These results have 
natural analogs for a single IIi factor M = x F coming from a Bernoulli action with 
B abelian. For simplicity, we will only describe the latter, although below we state and 
prove the former. Denote A = B^ . 

In this section, we prove that if -D C M is a von Neumann subalgebra such that 
there exists a sequence x = {xn)n E D' (1 on which the deformations dt converge 
uniformly but x ^ A'^ xi F, then a corner of D embeds into I'(F). 

This statement was inspired by an idea of J. Peterson. In the context when F is a 
free product group and the action of F on is compact, he analyzed sequences {xn}n C 
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D' n M on which certain deformations converge uniformly in order to derive conjugacy 
results for D inside M (see [PelO, Theorem 4.1]). The proof of our result, rather than 
using arguments from [PelO], relies on Popa's spectral gap argument ([Po08]). 

Before continuing, we fix some notations that we will use throughout the paper. 

3.1 Notations: 

• Let Fi, r2 be countable groups and Bi, B2 be abelian von Neumann algebras. 

• Consider the Bernoulli actions 0"^ : Fj — )■ Aut(i?J^') and denote Mj = Bf Xo-j Fj. 

• Denote M = Mi^Ma, A = B^^^B^^ and F = Fi x F2. 

• Note that M = A x^jT, where (7(71,72) = ci(7i) ® C2(72)- 

3.2 Theorem. Let Mi = (S^ *L(Z))^ x F D and {OjjteR C Aut{Mi) be defined as 
in section 1.5. Let M = Mi®M2 and for every t e M, set 0t = 9} ® G Aut{M). 

Let D <Z M he a von Neumann subalgebra and x & D' n M'^ satisfying limt^o I l^t (^) ~ 
x\\2 = 0. Then one of the following holds true: 

(1) X e A'^ xiT. 

(2) D ~<M Mi^L{T2) or D-<M L{Ti)^M2. 

Here, we view 6t as an automorphism of given by Ot{{xn)ri) — {Ot{xn))n- Also, we 
denote by A^ x F the von Neumann algebra generated by A^ and {■u^}^gr inside M^. 

The proof of Theorem 3.2 is based on the following general technical result. 

3.3 Lemma. Let cr : F — > Aut{A) be an action on a finite von Neumann algebra 
{A, r) which leaves invariant a von Neumann subalgebra A <Z A. Denote M = A x T, 
M = A x r . Assume that the Hilbert M-bimodule L'^{M) L'^{M) is isomorphic to 
©ig/L^((M, e^i)), where Ai G M are von Neumann subalgebras such that for every 
i E I, we have C A x F^, for some finite subgroup Fj C F. Let {9t}teR be a 
1-parameter group of automorphisms of M and j3 e Aut{M) such that ji"^ = Ij^, 
I3\M = 1m, POtP = e_t, for all t e R. 

Let D C M be a von Neumann subalgebra. Assume that there exist no t ^ and 
^ V & M such that 9t{y)v = vy, for all y & D. Then we have 

\\x - Ea^ ^r{x)\\2 < 4V21iminf ||6't(x) -a;||2, Vx e D' HM"^. 



Proof of Lemma 3.3. Let x = {xn)n G -D' fl M^. After rescaling we may assume that 
||x|| < 1. Let y = X — E^'^^-pix) G . Since \\y\\ < 2, we can represent y = {yn)ni 
where yn G M satisfy 1 | < 2, for all n. Assuming the conclusion if false, we can find 
< £ < and t ^0 such that ||^t(a;) — x\\2 = lim^-^t^ \ \Ot{xn) — Xn\\2 < £■ 

For w G M, we denote dt{u) ^t('u) - EM{Ot{u)) G L^{M) Q L^{M). 

Claim 1. For every u G U{D) we have that ||[5t(w),y]||2 < 8e. 
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Proof of claim 1. Let u e U{D). Since [u^x] = 0, by using an idea from [Po08, proof 
of Theorem 4.1.], we have that 

(3.a) 1 1 [et{u),x] 1 12 = 1 1 [«, e^t{x) 1 12 = 1 1 [u, - x)] 1 12 < 

2\\e-t{x) -x\\2 = 2\\x - et{x)\\2 < 2e. 

Next, notice that E^^^^{x) — {E^^^^ o Em'^){x) = EA'^xr{x). By combining this 
and the fact that 9t{u) e M G A"^ x T with (3. a) we get that 

(3.b) \\[etiu),y]\\2 = miu),ix-EA^Mxm\2< 

1 1 [Otiu), x]\\2 + \\etiu)EA^y,r{x) - EA^y,rix)et{u) 1 12 < 
2e + \ \E^^^-^{et{u)x - xet{u))\\2 < 2s + \ \et{u)x - xet{u)\\2 < ^e. 
Finally, by using (3.b) we have that 

\\[St{u),y]\\2 < 4e+\\EM{9t{u))y-yEM{9t{u))\\2 = 

4e+\\EM^{dt{u)y-yetiu))\\2<8s, 
and thus the claim is proven. □ 

Claim 2. For every ^, G L^{M) L^{M), we have that lim^^.^(y„^, rjyn) = 0. 

Proof of claim 2. Recall that L'^{M) e L'^{M) = ©,e/L2((M, e^J). Since \\yn\\ < 2, 
for all n, it is clearly sufficient to prove the claim for ^ and rj of the form ^ = ^16^4^2 G 
L^{{M,eAi)) and rj = meAiV2 e L^{{M,eAi)), for some i e /, ^i,^2,Vi,V2 e M. But, 
in this case, if Tr denotes the natural semi-finite trace on {M,eAi), ^^en 

\{yn^,Vyn) \ = \Tr{ylr]*yn^)\ = |Tr(y;?7^eAi?7j!:2/nCieAi6)l = 

\t{Ea, {^2y*V*2)EA, iVlVn^l))] < \\Ea, iV2y*nC2)\\2\\EA, iv*iynm2 

This reduces the claim to showing that lim^n.^^ | l-E^i. (ry^i/n^i) 1 12 = 0, for all i E I, 
£ To this end, let F^ C F be a finite group such that Ai C A >iTi. Then, for 
every C G M we have that \\Ea,{0\\1 < II^Axr,(C)lli = E-,er. \\Ea{Cu;)\\1 Hence, 
we can further reduce the claim to showing that lim^^^^ \ \EA{r]iyn^i)\\2 = 0, for all 
Ci,r]i e M. This in turn is an immediate consequence of the fact that y = {yn)n -L 
^'^ X F. □ 

Next, if u G U{D), then by claim 2 we get that 5t{u)y _L ydt{u). Using claim 1 we 
therefore derive that 

2 I ii„.x r„,\ii2 



64e'>\\[5t{u),ym=\\5t{u)y\\i + \\ydt{u 



12- 
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In particular, we obtain that 

(3.c) 8e>\\5t{u)y\\2,yueU{D) 

Now, we use the same trick as in the proof of [Po08, Lemma 2.1.]. Since EM{Ot{u)) G 
M, u e M, y e M'^ we get that (3{EM{0t{u))) = EM{Ot{u)), P{u) = u and ^{y) = y. 
Thus 

(3.d) \\0-t{u)y - EM{9t{u))y\\2 = m9-t{u)y - EM{9t{u))y)\\2 = 

- £;M(^tH)y||2 = - £;M(^t(«))y||2 = 

\\St{u)y\\2 < 8£,Vw e 
By combining (3.c) and (3.d) we deduce that 

(3.e) \\9t{u)y - d-t{u)y\\2 < 16£, V« e U{D) 

Thus we have that 

(3.f) ^Tietiu)yy*e-tiu*)) = + - - > 

\\y\\l - 128e^ > 

U z = Ej^{yy*) e M, then T{et{u)yy*d_t{u*)) = T{dt{u)ze-t{u*)), hence (3.f) imphes 
that ^T{dt{u)ze-t{u*)) > \\y\\l - 128£ > 0, for all u G U{D). A standard averaging 
argument provides ^ w E M such that 9t{u)w = w9-t{u), for all u G U{D). Thus, if 
V = 9t{w) 7^ 0, then 92t{u)v — vu, for all u G U{D), which gives a contradiction. ■ 

Proof of Theorem 3.2. Assuming that (2) is false we will demonstrate that (1) holds 
true. Set M = Mi^Ms and observe that M C C M. Let 9[ 91®i(1m2 ^ Aut(A^). 
Let 13 G Aut(Mi) be defined as in section 1.5. By Lemma 1.5.1 13' = (3&dM2 ^ Aut(A4) 
satisfies 

(3.g) = 1m,^'' = Im,/3'9',(3' = 9'_t,yt G R 

Denote Ai = B^^ and A2 = B^^. Remark that we can write M = (Ai®M2) x Li, 
where Fi acts by Bernoulli shifts on Ai and trivially on M2. Similarly, we have M = 

(Ml 0^2) X r2. 

Claim 1. There exists a family {Ci}i^i of von Neumann subalgebras of M and a family 
{Ti}i^i of finite subgroups of Fi such that Cj C (Ai®M2) x Fj, for all z G /, and 

L\M)eL\M) - (Bi^iL\{M,ec,)), 
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as Hilbert M-bimodules. 

Proof of claim 1. The proof of [CI08, Lemma 5] provides a family {Ai}i^i of von 
Neumann subalgebras of Mi and a family {Filie/ of finite subgroups of Fi such that 

Ai (Z Ay\ Ti, for all i E /, and L'^{Mi) Q L'^{Mi) ^ ©ie/L2((Mi, e^J), as Hilbert 
Mi-bimodules. By letting d = Ai'^M2 C {Ai x Ti)^M2 = (Ai®M2) x Ti and using 
the decomposition L'^{M) G L'^{M) = {L'^{Mi) L'^{Mi))'^L^{M2), the claim follows. 

□ 

Now, recaU that 0t = 9] ® 0^ G Aut(M = Mi®M2) and that M D M D M. 
Claim 2. For every x E M and all t e IR, we have that ||6'^(x) — a;||2 < 2\\6t(x) — x\\2. 

Proof of claim, 2. Fix x e M. Let us show first that | |i?M(^K^)) I b > I |-E'M(^t(2;)) lb- 
Fix t G M and for i G {1,2}, denote by Tj the bounded operator on L'^{Mi) induced 
by o 01 : Mi Mi. Then Ti is a contraction, hence T*Ti < 1, as operators on 
L'^{M,j. Also, we have that EMiO't{x)) = (Ti (g) l){x) and EM{Ot{x)) = (Ti ® T2){x). 
Our assertion now follows from the following estimate 

||(Ti ® T2)(a;)||i = {{T*T^ ^TiT2){x),x) < {{T^T^ ® l){x),x) = ||(Ti ® l)(a;)||i. 

Next, since x G M, by using (3.g) and [Po08, Lemma 2.1.] we deduce that — 
x\\2 < 2||^t (ic) — EM{0't{x))\\2. In combination with the above assertion we get that 

2 2 

mx) -x\\i< A\\9',{x) - EM{e\{xmi = 4(ii^i(^)ii2 - wEMmmi) < 

2 2 2 2 

4{\\x\\l - \\Em{0i{x))\\1 = 4||x - EM{ei{x))\\l < 4||^|(x) - x\\l 
and the claim is proven. □ 

Since x = {xn)n ^ D' (IM'^ verifies lim^^o ll^t(^) "^Ib = 0, by claim 2 we conclude 
that limt^o ll^t(^) ~ ^Ib — 0- Claim 1 says that we are in position to apply Lemma 
3.3 and deduce that one of the following happens: {xn)n G (Ai(8)M2)'^ x Fi or there 
exists t ^ and ^ v E M. such that 9[{y)v — vy, for all y E D. If the latter is true, 
since = ^^^(gjidMa, Theorem 2.1 and Remark 2.2 imply that D -<m L(Fi)®M2. This 
contradicts our assumption that (2) is false so we must have that 

(3.h) {Xr,)n e (Ai®M2)" X Fi 

Now, let M = Mi®M2 and 6[ =idMi E Aut(A4). By arguing in the same way 
as above and using the fact that (2) is false, we get that 

(3.i) {Xn)n e (Mi®A2)" X F2, 

Finally, we show that (3.h) and (3.i) together imply that (x„)n G A'^ x F. For finite 
sets Fi C Fi and -F2 C F2, denote by Qfi and i?^?^ the orthogonal projections from 
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L'^{M) onto the closed linear span of {AiUj ® M2\'y G Fi} and of {Mi®A2Uj\'y e F2}, 
respectively. Then (3.h) and (3.i) can be rewritten as 

inf lim ||xn - (5Fi(a^n)||2 = 0, inf lim ||a;n - -RF2(a^n)||2 = 0. 

FiCFi finite n—s-cj F2Cr2 finite n—>-ci; 

Thus, wc have that inf_F^cri,F2cr2 finite limn^w W^n - {Rf^ ° QFi){xn)\\2 = 0. Since 
Rp^ o Qf^ is the orthogonal projection from L'^{M) onto the closed linear span of 
{{Ai <^ A2)uy\^ e FiX F2}, it follows that (xn)n e ^'^ xi T, therefore (1) holds true. ■ 



3.4 Remark. In the sequel, we will only use the following corollary of Theorem 3.2: 
let D C M be an abelian von Neumann subalgebra such that condition (2) is false 
and suppose that G L{r) is a sequence of unitaries which normalize D and satisfy 
\\EL{ri){0'Unb)\\2, ||-E'L(r2)('^'i^n^>)||2 — ^ 0, for every a, 6 G L(r). Then for all x G -D we 
have that {unxu*^)n G A^ Xcr T. Since 9t{un) = Uni for all t and n, this statement is 
indeed a consequence of 3.2. 

This corollary can be alternatively proved by adapting Popa's "clustering coeffi- 
cients" method (see [Po06b]). Following the strategy from [Po06b], one first shows 
that the Fourier coefficients of * cluster (i.e. they asymptotically belong to 

B^^^ ^ (8)i?2 ^ ^ for any finite sets Fi C Fi and F2 C F2) . Second, one uses the fact that 
the clustering sequence {xn)n G commutes with elements y & D which are "almost 
perpendicular" onto both Mi®L(F2) and L(F2)®M2 to conclude that {xn)n ^ x^T. 

We end this section by showing that condition (2) in Theorem 3.2 can be exploited 
to get information on the quasi-normalizer of D. The next lemma is a straightfor- 
ward generalization of [Po06a, Theorem 3.1.], but we include a proof for the reader's 
convenience. 

3.5 Proposition [Po06a]. Let F r\ {X,n) be a p.m. p. mixing action and denote 

M = L^{X) XI F. Let N be a finite von Neumann algebra. 

Assume that D is a von Neumann subalgebra of M®N such that D -<m'^n L{T)®N . 
Denote by P the von Neumann algebra generated by the quasi-normalizer of D in 
M®N. IfD ^M®N 1 ® N, then P ^m®n L{^)®N . 

Proof. We first claim that if p G LiVy^N is a projection and D C p{L{T)®N)p is a 
unital von Neumann subalgebra such that D 7^i(r)®Ar 'i- <S> N, then qJ^p(^M®N)p{^) 
p{L{V)®N)p. By [Po06a, Section 3] (or [IPP08, proof of Theorem 1.1.]) in order to 
prove the claim it suffices to show that for every £ > 0, ryi, .., r]k G {M®N) Q (L(F)(g)A^), 
we can find u G U{D) such that | |-E'L(r)®Ar(^i^^j ) 1 12 < £, for all z,j G {1, Since 
^L{r)®N iv(F)®A^-bimodular, by using Kaplansky's density theorem it is enough to 
prove the last assertion for r/j G L°°{X) ® 1 with T{rii) = and ||?7i|| < 1. 

Next, decompose u G U{D) as u = where x^ G N. Denote by a the 

induced action of F on L°° (X) . We have that 

7€r 



\x 



2 

7II2 
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Since a is mixing and T{r]i) = 0, for all i, we can find F C F finite such that 
(3.k) \T{iiia^{ii*))\ < |,Vz,j e {l,..,A;},V7e r\F 

Since D 7^/,(r)^Ar 1 ^ N, hy Popa's theorem we can find u e U{D) such that 

(3-1) ii^7ii2 = E \\ei^n{u{u; ® imi < I 

As \T{r]iaj{r]*))\ < WViW WVjW ^ 1? for all 7 G F, it is clear that the combination 
of (3.j), (3.k) and (3.1) implies that \\Ej^^-p-^-^j^{r]iur]*)\\2 < s, for all i,j G {!,.., /c}, as 
claimed. 

Going back to the general case, let D be a von Neumann algebra such that D -<m'^n 
L{T)'^N but D y^M'^N 1 ® -/V". By [Va08, Remark 3.8.] we can find non-zero pro- 
jections q & D, p & L(r)0N, a *-homomorphism ip : qDq — )■ p{L{r)®N)p and a 
non-zero partial isometry v G p{M®N)q such that il){x)v = vx, for all x G qDq, 
and il:{qDq) 7^L(^r)'^N 1 ® By first part of the proof (applied to ip{qDq)) we de- 
duce that ip{qDqy n p{L{T)'^N)p C p{L{T)'^N)p, hence vv* G p{L{T)'^N)p. This 
further implies that vDv* C L(T)'^N. Since v*v G (qDq)' n q{M'^N)q, we can find 
g' G -D' n (M^N) C P such that v*v — qq'. Let u be any unitary element extending 
V. Then u{qDqq')u* = vDv* C L(r)®A^. 

Finally, since D is quasi-regular in P, by [Po06a, Lemma 3.5.] we get that qDqq' is 
quasi-regular in qq'Pqq' . Also, from the hypothesis we have that no corner of qDqq' 
embeds into 1 (g) A?". Thus, by the first part of the proof, we deduce that u{qq' Pqq')u* C 
L{V)®N, hence a corner of P embeds into L{V)®N . I 

§4. Lower bound on height. 



Let M = AxiF be a III factor associated with a Bernoulli action. For every v G L{V), 
we define the height of v as h{y) = max^gr |''"(vf'^)|- Consider a sequence of elements 
{vn}n>i C (L(F))i. In this section, we provide a set of conditions which guarantee 
that the heights of the v^s are uniformly bounded away from 0. 

4.1 Theorem. Assume the notations from 3.1, i.e. Mi = B^' x F^, M = Mi®M2, 
A = B]^^(S>B2^ , F = Fi X F2. Let {fn}n>i C (L(F))i be a sequence for which there 
exist C,c> and x E M such that C > V2c, 

(1) \\EA-M{VnXvl)n)\\2>C, 

(2) II^Mi®L(r2)(^)ll2 < c and 

(3) ||£^L(ro¥M.(^)ll2<c. 
Then Yimn^^ h{vn) > 0. 
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Proof. Let e > such that C — -\/2c — 3e > and let x e M satisfying conditions (1)- 
(3). The first condition yields a finite set F C F such that if Pp denotes the orthogonal 
projection from L'^{M) onto the closed linear span of {^m^|7 G F}, then 

(4.a) lim WPpiv^xv^Wi >C-e 

n—^uj 

Next, let El = Ej^^^-^^^j^^^ and E2 = F^^ro^Ma- ^i^^® -^1 -^2 commute, y = 
((idM - El) o (idM - E2)){x) verifies y ± Mi®L{T2) and y ± L{Ti)®M2. Thus, if we 
write y = X^^gp ^I'^i; where € ^, then F^ri^j^(a^) = E^^^r^. (a-^) = 0, for all 7 e F. 

Also, conditions (2) and (3) yield \\x-y\\2 = | |Fi(x) + (F2(x) - (Fi oF2)(.t)) 1 12 < V^c. 

Let K dV finite such that z = PKiy) satisfies — y||2 < £• Let 5*1 C Fi, S2 C F2 
finite such that if = F^si^^sg (a-y), then w = J^-yeK^i'^i satisfies \\w — z\\2 < e. 

The triangle inequality implies that — a;||2 < \/2c + ||p||2 + 2£ and hence by (4. a) 
we have 

(4.b) lim \\PF{vnWvl)\\2 >{C-e)- (v^c+ 2£) > 

Let S = SiS^^ X ^252"^ C F, where SiS^^ = {gh'^lg, h e Si}. We claim that 
(4.c) ria^ibg)bl) ^ 0, e T \ S, \/g,h e K 

Indeed, let 7 = (71, 72) G F \ 5" and assume that 71 ^ SiSi^ (the case 72 ^ 8282^ 
being analogous). Let g,h E K. Since hh G Bf^'®B^'^ and 71 5*1 n S*! = 0, we have 
^Bl-'^^Bl-^^h) = ^mBl-^^h) = E^^^s,{ah) = 0. Since a^{bg) G Bj^'^'m^^ we 
derive that T{cr-y{hg)h*^ = T{a^{hg)E ^^^sx^^r.2{hh)*) = 0, which proves (4.c). 

Next, fix G i^(F) and let us estimate | |Pi;'(fi(;i'*) 1 12. Let 5 = m.Qx.g^h£K ||^g||2||^'/i||2 
and write v — ^^^p where G C, for all 7 G F. Then 

vwv* = ^ Cyc:^a^{bg)u^gY-i = ^( ^ c^Ch-iygCr^{bg))uh. 



Thus 



||PF(^^a;i;*)||i = c^C(ft-i^g)Cy C(;,-iyg/)r(ay (6*,)(7^(6g)), 

heF,^,Y€r,g,g'£K 

which by (4.c) is further equal to the real part of 

C'yC{h-^jg)Cjs-^C(h-^'ys-^g')'T{{b*g')o-s{bg)) 

jer,s€S,h€F,g,g'€K 
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Since TZe{aia2asa4) < ^ J2i=i l^il^; ^oi every {ai}f^i G C, the last term is majorized 

by ^ 

^ XI (kil^ + |C(/i-i-),g)|^ + |c^s-i|^ + |C(/,-i^s-ig')l^) - 

j€r,seS,h€F,g,g'€K 

^(1 + |^|)(1 + \F\\K\)J2\c,\' < ^(1 + |-5|)(1 + \F\\K\)ma^\c,\' Yl = 

7er 7'er 

^(l + |5|)(l+|F||K|)%f||^||^. 

Altogether, we have shown that there exists a constant k > such that /i(f)||f||2 > 
k,\\Pf{vwv*)\\2, for all v E L(T). Since ||vn|| < 1 we get that h{vn) > K,\\PF{vnWV^)\\2, 
for all n, and (4.b) implies the conclusion of the theorem. ■ 

4.2 Remark. If M = ^ xi^. F is a IIi factor coming from a Bernoulli action then 
the above proof shows the following: assume that {vn}n>i C (L(r))i is a sequence 
for which there exists x e M such that \\Ea^ xiT{{vnXV^)n)\\2 > \\EL{r){x)\\2- Then 
limn^uj h{vn)>0. 

55. A CONJUGACY RESULT FOR SUBALGEBRAS. 



Let M — X r be a IIi factor coming from a Bernoulli action. In this section, we 
give a criterion for proving that a von Neumann subalgebra C of M has a corner which 
embedds into . More generally, our criterion applies to subalgebras of M'^N, where 
N is an arbitrary finite von Neumann algebra. Before stating it we need to introduce 
some notation. 

Notations. We consider the orthogonal projections onto certain Hilbert subspaces of 
L'^{M®N). For subsets S, F and G of F we denote by 

• Ps the orthogonal projection onto the closed linear span of {B^u^ ® N\'^ G S}. 

• Hp the closed linear span of {B^u^ <Si G F}. 

• Qf the orthogonal projection onto T-Lp- 

• .= Qf-Q0. 

• Qf := Qfug — Qg the orthogonal projection onto Hp '■= TipuG Q 'Hg- 

Next, we record some useful boundedness and modularity properties of these projec- 
tions. 

5.1 Lemma. Let S, F,G G T be finite sets. Then Ps commutes with Qp, Qp and 

\\Ps{x)\\ < \Sl \\iPsoQp){x)\\ < \Sl \\{PsoQf){x)\\<2\S\,WxE{Mm)i. 
If F contains SG, then Qp{Ps{x)y) = Qp{Ps{x))y for every x G M<S)N and y G He- 
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Proof. The commutativity assertion is trivial. Let x e M^N with ||a;|| < 1. Write 
M'®N = (B^^N) Xp r, where F acts through BernouUi action on and trivially 

on N. Decompose x = ^^^pO^-ytt^, where x^ = E^r^^(xu*). Then < 1, 

for aU 7 G r. Since Ps{x) = Y.-yeS^i'^i^ i^s o Qf){x) = Y.^y^s ^B''-®N{^i)'^'y and 
Q'f ~ Qfug ~ Qg: the three inequalities follow. 

For the last assertion, it suffices to show that if F D SG and if x = Y^^g XjUj and 
y = Yligevyg^g with x-y G B^®N and yg G B'-'^N, for all 7 G 5 and G F, then 
Qpixy) = QF{x)y. Notice that if 7 G 5, then p-y{yg) G B'^^'^N C B^'^N, for aU 
^ G F. Thus, we have that 

Qpixy) = EBF^j^{xjPy{yg))uyg = EBF^^{xy)py{yg)uyg = QF{x)y. 

'yes,ger -y€S,ger 

We are now ready to state and prove the main result of this section. 

5.2 Theorem. Let T be a countable group, B be a finite von Neumann algebra and 
denote M = B^ xi F. Let N be a finite von Neumann algebra and p G M<S)N be a 
projection. 

Let C C p{M(S!N)p be a unital von Neumann subalgebra. Suppose that there exist a 
sequence {xn}n>i C U{j>{M®N)p) and finite subsets S, {Fn}n>i ofT such that 

• \\xny - yxn\\2 0, for all y eC, 

• F„ — >■ oo, as n — )■ oo (i.e. if j eT then 7 ^ F^, for large enough n), 

• sup„>i \Fn\ < 00, and 

• limsup^^o<,(||a;n - QF„(a^n)||2 + 3||a;n - Psixn^U) < WpIU- 
Then C ^m®n B^®N. 

Proof. By replacing {xn)n with a subsequence, we may assume that | \xn — Q%^ {xn) 1 12 < 
ci and \\xn — Ps{xn)\\2 < C2, for all n, for some ci,C2 > satisfying ci + 3c2 < ||p||2- 
Let £ > such that c = ||p||2 — (ci + 3c2 + He) > 0. We begin with the following: 

Claim. Let y G U{C) and G C F be a finite subset such that \\y — QG{.y)\\2 < j^- Let 
Kn C F be a sequence of finite subsets such that \\y — -PR:„(y)||2 < -[f^ and K^Fn is 
disjoint from G U SG. Then we can find N > 1 such that \\QKiiP{xn)\\2 > c, for aU 
n> N. 

Proof of claim. Let y^ = (Pr^ o QG){y), then - y\\2 < Also, let x'^ = 

{Ps o Q^^){xn). Since Ps and Q^^ commute, we get that 

(5.a) \\Xn -x'J\2 = \\Xn -QF„(^n) + Qf„ (^n - Ps{Xn))\\2 < Ci + C2 

Now, ynx'^ belongs to the closed linear span of {B'^Uk{B^" Q Cl)w-y) <^ N\k E K^, 7 G 
S}. Since Uk{B^'' e CI) C {B^^^^ e Cl)wfe, for k G ir„, we get that ynx'^ ^ ^-k f 
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(recall that l-L^ = Hf\jg © "^g)- Since K^F^ is disjoint from G U SG, we get that 

Next, we estimate \ \yXn — ynx'^\\2- Lemma 5.1 gives that ||x^|| < 2151, hence \\y — 
yn\\2\Wn\\ < 4£. By using the triangle inequality and (5. a) we get that 

(5.b) \\yXn-ynX'n\\2 < \\y\\ \\Xn - x'J\2 + \\y - ?/n 1 1 2 1 1 1 < Ci + C2 + 4£ 



Since ynx'^ G "^k^f^; (5-b) implies that WyXn-QK^p^iyXn)]^ < ci+C2+4£. Since 
1 1 [xni y] 1 12 0, we can find N such that | \xny — QK^iPixny) 1 12 < ci + C2 + Se, for all 
n> N. Since Xny e U{p{M®N)p), we get that 

(5.C) I iQl^ff (a^ny) 1 12 > I IpI I2 - (Ci + C2 + 5£) 

Using that < \S\ we get that Wx^y - Ps{xn)yn\\2 < \\xn - Ps{xn)\\2\\y\\ + 

\\Psixn) 1 1 1 |y — yn 1 12 < C2 + l^l 1^ = C2 + 2£. Combining this inequality with (5.c) yields 
that 

(5.d) \\QK''J^iPsixn)yn)\\2 > M2 - (ci + 2c2 + 7e) 

Since y^ G Kg, Lemma 5.1 gives that QKiF^iPs{xn)yn) = <5K^F^X^s(a:n))2/n and 
that \\QK~'F^iPsixn))\\ < 2\S\. Thus, since \]y\\ < 1, for all n > Nwe have that 



||g^XWI|2 > ||Q^X(^5W)||2 - C2 > 

\\Q%3':(PsM)y\\2-c2> 

\Qf'3^iPs{Xn))yn\\2 - \\Qf'f':{Ps{Xnmyn-y)\\2-C2. 



Since \\yn — y\\2 < i^r, (5.d) implies that the last term is greater of equal than 



\s\ 

\p\\2 — (ci + 2c2 + 7e) — 2|5'|^ — C2 = c, as claimed. □ 



To prove the theorem, assume by contradiction that C t^m^n B^'^N. By using the 
claim for all m > 1 we will construct finite subsets Gm and {Km,n}n>i of T such that 

(i) Km,n is disjoint from Gi, ..,Gm, -fCi,n, ••, -f^m-i,n, for aU n > 1, 

(ii) sup„>i \Km,n\ < oo and 

(iii) liminf„,^^ \\Q%Z jxn)\\2 > c. 

Before proving this statement let us show how it leads to a contradiction. First, 
(i) implies that for every m > 1, the projections ^, QkI „' Qk^Z « mutually 

orthogonal (since QpQp, — 0, whenever F is disjoint from G, F' and G'). Second, for 
every m > 1 we have that 

m 

\\p\\l = liminf ll^nlli > V'liminf HQ^' (^Cn)||i- 

n— >-oo ' n— >-oo 

1=1 
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By (iii) this imphes that ||p||2 > mc^, for all m > 1, a contradiction. 

So, we are left with proving the above statement. We proceed by using induction 
on m. For m = 1, if we let Ki^^i = -^n and Gi = 0, then the statement is true by the 
hypothesis. Next, assume that we have constructed Gi,{Ki n}n>i, for alH < m — 1. 
Since sup^>]^ \Ki,n\ < OO; for all I, and sup„>j^ < oo we get that 

L= sup \{GiUKi,r^)F-^)\<oo 

n>l, l<m—l 

RecaU that MW = (B^^N) x T. Since C ■^m®n B^®N, by Theorem 1.3.2 we 
can find y e U{C) such that for every finite set T C F of cardinality |T| < L, we have 
that 

(5.e) \\PT{y)\\2 = {Y. II^B-®iv(K)ll2)^ < 4s\ 

jeT ' ' 

Now, let K,G CT he finite sets such that \\y — Qg(j/)||2 < |§| and \\y — PK{y)\\2 < 
2^. For every n > 1, define Kr, = K \ (Uz<^_i(G'i U Ki^n)F-'^). Since \ < L, 
by (5.e) we deduce that \\PK{y) - -PK„(y)||2 < and thus \\y - PK^{y)\\2 < jfy , for 
all n > 1. Since — )■ oo, as n — )■ oo, we can find s > 1 such that KF^ H {GU SG) = 0, 
for all n> s. Thus, K^F^ is disjoint from GUSG, for all n> s. Altogether, the above 
claim yields that 

(5.f) liniinf||Qg^ff(a;OI|2>c 

Finally, set Km,n = KnFm for all n > s, Km,n = 0; for all n < s — 1, and Gm = 
GUSG. Then (5.f) can be rewritten as liminf„_).oo ||<3^^ ^(iCn)||2 > c, hence (iii) 
is verified. Since |-ftrTn,n| < l-^ll-^nl and sup^>2^ \Fn\ < oo, we get that (ii) also holds 
true. Also, by definition it is clear that Km,n is disjoint from Gi and Ki ^, for all 
1 < I < m — 1. This proves the above statement and the theorem. ■ 

§6. A DICHOTOMY RESULT FOR SUBALGEBRAS. 

In this section, we combine the results of the last four sections to prove Theorem F 
(which we restate below as Theorem 6.2.): if D is an abelian subalgebra of M = x F 
whose normalizer has "large intersection" with L(F), then a corner of D embedds into 
either B^ or L(r). In the more general context, when M is a tensor product of two 
factors associated with Bernoulli actions, we obtain: 
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6.1 Theorem. Assume the notations from 3.1, i.e. Mi = B^^ x^r. Tj, M = Mi®M2, 
A = B-^'^®B2'^ and F = Fi x Let D C qMq he an abelian von Neumann subalgebra, 
for some projection q G L{r). Denote A = HqMq{D) ^U{(lL{V)q) and assume that 
A" i^(ri) ® 1 and K" ^mI® L{T2). 

Then one of the following holds true: 

(1) D' n qMq is of type I and there exist a unitary u & M and a projection qo G A such 
that uqou* = q and u{Aqo)u* G D' n qMq. 

(2) D^M M{®L{V2) orD^M L(Fi)®M2. 

Recall that A" denotes the von Neumann algebra generated by A inside qL{r)q. 

Proof. We first prove the theorem in the case q — 1- Assume that (2) is false. We will 
show that (1) holds true. By using the hypothesis and Theorem 1.3.1 (see the comment 
following it) we can find a sequence {wn}n>i C A such that 

(6. a) \\EL(^r^){aUnb)\\2 and ||£;L(r2)(o«n&)||2 ^ 0, Va, 6 e L(r) 

Next, we claim that 

(6.b) {unXuDn e A"" x^T, yx e D 

To prove (6.b), let M and {6t}teR C Aut(M) be defined as in the statement of Theorem 
3.2. Since dt\L{r) = id|L(r) and Un G -£'(F), we get that 9t converge uniformly to id^^^ 
on {lina^M* }n>i- As D is abelian and Un normalizes D, we deduce that {unxu'^n £ 
D' n M'^ . Since (2) is assumed false, (6.b) follows from Theorem 3.2. 

Towards proving (1), let C = D' fl M . Since D is abelian, we have that C" fl M C C 
or, equivalently, C f\M — Z{C). The main part of this proof consists of showing that 

(6.c) Cp^M Bl'®M2,'ipeV{Z{C)) 

By symmetry, we will also get that Cp Mi®B2'^ ■ Finally, we will combine these 
two statements to first get that Cp A and then derive (1). 

First, we reduce (6.c) to a weaker statement. By Lemma 1.3.3, it suffices to prove 
(6.c) for projections p G Z(C) which commute with the normalizer of C. Since A 
normalizes C, we get that [p. A] = 0. Since A" 7^L(r) -^(ri) and A" 7^L{r) L(r2), [Va08, 
Lemma 4.2.] implies that A' n M C L{T), so in particular p G -^(F). Indeed, notice 
that if i?i ~ i?2 — L°^{Xo, Ho), then the action of F on A can be identified with the 
generalized Bernoulli action F r\ (Xq, Ho)^ , where / = Fi U F2 and (71, 72) • gi — Jigi, 
(71,72) • 92 = 725^2, for all 71, ^fi G Fi and 72,5f2 e r2. By applying [Va08, Lemma 4.2] 
to /i = 0, we get our assertion. For not necessarily isomorphic Bi and B2, it is not 
hard to adapt the proof of [Va08, Lemma 4.2] to prove our assertion. 

Altogether, we get that it suffices to prove (6.c) for projections p G A'nL(F) nZ(C). 
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For n > 1, let Vn = u^p G -^(r). Since (2) is false, we can find x e U{D) such that 
\\Em{®l{v^){xp)\\2 < llbib and \\El^y^)®mAxp)\\'2. < ilblh- Since p commutes with 
Un E K and x G -D, wc get that Vn{xp)v^ — UnXu'^p. Since {unxu!^)^ G A'^ x T and 
I |'U^a;?i*p| I2 = Iblbi for all ^5 by applying Theorem 4.1 we deduce that lim^.^^^ h{vn) > 
0. By replacing Un with a subsequence, (6. a) and (6.b) are preserved while we may 
assume that there is 5 > such that 

(6.d) h{vn) > 5, Vn > 1 

For n > 1, let 7n = (7^, 7^) G F = Fi x r2 such that |T(i;„tt*^)| = /^(vn). We claim 
that — >■ 00. If not, then 7^^ = 71, for some increasing subsequence {nk}k>i of N 
and some 71 G Fi. But this would imply that 

II^L(r,)K.pK ® = II^L(r,)K.« ® 1))||2 > tK,<J| > 5, V/c > 1 

in contradiction with (6. a). Similarly, it follows that 7^ — )■ 00. 

Given finite subsets F, 5 of Fi and T of we denote by 

• Kf the closed linear span of {{B( e Cl)u^^ ® M2I71 G Fi}. 

• Q'p the orthogonal projection from L'^{M) onto /Cf- 

• P5 the orthogonal projection onto the closed linear span of {B\'u^^®M2\-ii G S]. 

• Rt the orthogonal projection onto the closed linear span of {Mi ® B^'^u^^\'^2 € 2^}- 

Claim 1. For every x G (M)i, every subset F C Fi and all n > 1, we have that 

WVnXvl - Q'L^A'^nXvl)\\2 <\\x- QUx)\\2 + vIMf^- 

Proof of claim 1. Recall that 7^ = (7^, 7^). Since u^^JCp = /C-yip, Vn G L{r) and /C^ is 
a right L(F)-module, we get that W7„Q5^'(^)^n ^ ^liF- Then, since | [''"('I'n'f^^^)^^^ 1 1 = 
\T{vnu'^^)\ < 1, the triangle inequality gives that 

\\{T{VnU* )u^JQ%'{x)vl - VnXvl\\2 < 



{T{VnU*Ju^J{Q%{x) - X)vl\\2 + \\{T{VnU*Ju^^ - Vn)xv^\\2 



< 



\\Qf{x) - X\\2 + \\T{VnU*^Ju^^ -Vn\\2 = \\Qf{x) -x\\2 + {\\Vn\\l " |r (-^^U*^ ) 2 . 

Together with (6.d) this implies the claim. □ 
Since (2) is assumed false we can find x G such that | |-E'2^(ri)®M2 (•^) 1 12 < 

|(||p||2 - a/IIpIII - ^^)- If enumerate Fi = {gi}i>i and let F„ = {gi}t=ii then 



II^L(ri)( 




that \\x 


-c 


that 




(6.e) 





~ VWpWq. ~ ^^)- -'-f = '^nXV^, by claim 1 we get 

\Xn - Q°iF(^n)||2 < ^(lbl|2 + ^J \\p\\l ' S^) , Vn > 1 
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Since p commutes with tt„, D and it„ normalizes D, we have that Xn = v^xv^ = 
{unxu^p e l{{Dp), for all n > 1. Thus, we deduce that {xn)n e U{{Cp)' n ipMpY). 
By (6. a) we have that {xn)n = {unxu^p)n G xicr F. Hence, we can find a finite 
subset S dVi such that limsup^^^ - Ps{xn)\\2 < \{\\p\\2 - \/\\p\\l - 5^)- By 
combining this inequality with (6.e) we get that 

limsup {\\x„ - (5°iF(a^n)||2 + 3||a;n - Ps{xn)\\2) < \\p\\2- 

n—^oo " 

Altogether, Theorem 5.2 yields that Cp -<m B\^'®M2. This finishes the proof of (6.c). 
Claim 2. Cp^M A = bI^®bI\ for aU p e V{Z{C)). 

Proof of claim 2. By (6. c), we have that Cp <m BI^'^M2. Since C" n M = Z(C), 
by Theorem 1.3.1 we can find non-zero projections po £ Cp and q e S['^®M2, a *- 
homomorphism if) : poCpo — )■ q{B^^^M2)q and a non-zero partial isometry v e qMpo 
such that v*v = po cind '4>{x)v = vx, for all x e poCpo. Thus, we have that 

(6.f) X = v*il^{x)v,\/x & poCpo 

Now, let z < p be the central support of po in C. By symmetry, the proof of (6.c) 
implies that Cz -<m Mi^B2^. By reasoning as in the previous paragraph, we can 
find non-zero projections pi e Cz and r E Mi(8)i?2^, a *-homomorphism p : piCpi 
r(Mi^B2^)r and a non-zero partial isometry w e rMpi such that 

(6.g) X = w* p{x)w, \/x e piCpi 

Since po and pi admit equivalent, non-zero subprojections, we can assume that (6.f) 
and (6.g) hold true for Po = pi < p- By Kaplansky's density theorem we can find finite 
subsets 5" C Fi, T C r2 and v' , w' G (M)i satisfying | \v' — v\\2, Ww' — w\\2 < ^^^g and 
v' = Ps{v'), w' = Rt{w'). Using (6.f), (6.g) and the triangle inequality it follows that 

(6.h) \\x - Ps-is{x)\\2, \\x - Rt-Mx)\\2 < Wx e UipoCpo) 

Finally, (6.h) implies that \\x — (P5-15 o i2y-iy)(a;)||2 < ^U^J^, or equivalently, 

that WiPs-^s ° Rt-^t){x)\\2 > -xll^'o||25 for all x e U(poCpo). Since Ps-is ° Rt-^t 
is precisely the orthogonal projection on the closed linear span of {^tt-^|7 e S~^S x 
T-^T}, by Theorem 1.3.1 we get that poCpo -<m A. Thus, Cp -<m A. □ 

Claim 3. C is a type I algebra and there exists a unitary u E M such that uAu* C C. 

Proof of claim 3. The first assertion follows from claim 2. For the second assertion, let 
Co be a maximal abelian subalgebra of C. Then Cq is maximal abelian in M. Indeed, 
Co contains the center of C, hence it contains D and therefore CqD M C D' D M = C. 
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Next, let p e V{Z{C)). By claim 2, Cp -<m A and therefore Cop -<m A. Since 
Cop C pMp and A C M are maximal abelian, by [Po06c, Theorem A.I.] (see also 
[Va07, Lemma C.3.]) we can find a non-zero projection p' G Cop and a unitary w e M 
such that Cqp' C vAv*. Let z be the central support of p' in C. Since C is of type I, we 
have that Co is regular in C, i.e. Nc{Cq)" = C. It follows that we can find projections 
Pi,P2, •• e Cop' and -ui, ^2, •• e A/cICq) such that z = ^j>i UiPiu*. 

Further, since ttj e Mc{Cq) we get that Co{uiPiU*) = Ui{CoPi)u* C (ttjv)^(ttjv)*, 
for all i. Since A is regular in M and M is a IIi factor, it follows that we can find 
a unitary w & M such that Cqz C wAw*. We have altogether shown that for every 
non-zero projection p e -2(C), there is a non-zero projection z e -2(C) with z < p 
such that Cqz can be unitarily conjugated inside A. 

Finally, let S be the set of families {pi}iei C V{Z{C)) of mutually orthogonal 
projections with the property that CqPi C UiAu*, for some Ui G U{M), for all i & I. 
By the above we get that if {pi}ie/ is maximal element in S with respect to inclusion, 
then ^j^^jPi = 1. Using again the fact that A is regular in M, we deduce that Co can 
be unitarily conjugated inside A. Since Co is maximal abelian, we get that Co = uAu* ^ 
for some u G U{M). This ends the proof of claim 3 and of the case q = l. □ 

In general, let D C qMq be a subalgebra as in the hypothesis and assume that (2) 
is false. Then (1) follows true by repeating the above proof once we show that (6.b) 
holds true in this context, i.e. {unxu^)n G A^ >^cr T, for all a; G D and any sequence 
{un}n>i C A. To see this, let Dq C (1 — q)M{l — q) he a, unital, abelian von Neumann 
subalgebra such that Dq t^m Mi®L(r2) and Dq -/<m L(ri)®M2. Then Dx=D®Dq 
has the same property. Since L>i C M is unital and Qt converge uniformly to the 
identity on {unxu*^n G -D^ fl ^ our claim follows from Theorem 3.2. ■ 

Note that all of our results concerning tensor products of IIi factors associated with 
Bernoulli actions (Theorems 3.3, 4.1, 6.1) have straightforward counterparts for single 
such III factors. In this case. Theorem 6.1 reads as follows: 

6.2 Theorem. Let F be a countable group, B be an abelian von Neumann algebra 
and set M = xio- T, A = B^ . Let q G -^^(r) be a projection and D C qMq be a 
unital abelian von Neumann subalgebra. Suppose that the group of unitary elements 
u G qL{V)q that normalize D generates a diffuse von Neumann algebra. Then either: 

(1) D' n qMq is of type I and there exist a unitary u & M and a projection qo & A such 
that uqou* = q and u{Aqo)u* G D' n qMq or 

(2) D <M L{V). 

We end this section by noticing that Theorem 6.2 can be used to give a proof of 
Popa's conjugacy criterion for Bernoulli actions. 

6.3 Theorem (Popa, [Po06b, Theorem 0.7.]). Let T be a countable ICC group, 
B be a non-trivial abelian von Neumann algebra. Denote M = B^ x F, A = B^ and 
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let q e L{T) be a projection. Let p : A — >■ Aut{C) be a free ergodic action of a countable 
group A on an abelian von Neumann algebra C. Denote N = C xi A. 
Let $ : N ^ qMq be a * -isomorphism. Assume that d{L{A)) C qL{T)q. 

Then q = I and there exist a unitary u G M , a character r] of A, a group isomorphism 
S : A^r such that 9{C) = uAu* and 9{v\) = r]{X)uus(^x)U* , for all A e A. 

Proof. Denote D — 9{C). Since a is mixing and D is regular in qMq, [Po06a, Theorem 
3.1.] implies that D -^m -^(r)- Since D is normalized by {Q{y\))\^iy C qL{r)q and 
D is maximal abelian in qMq, Theorem 6.2 implies that there exists a unitary u & M 
and a projection q^ & A such that uqou* = q and D = u{AqQ)u*. The conclusion now 
follows from [Po06b, Theorem 5.2.]. ■ 

§7. POPA'S CONJUGACY criterion FOR ACTIONS. 



In the proof of the strong rigidity results we will need the following version of Popa's 
conjugacy criterion for actions. 

7.1 Theorem [Po06b]. Leta:T^ Aut{A) and P : A ^ Aut{B) be two free, ergodic 
actions of two countable groups T and A on two abelian von Neumann algebras A and 
B. Assum,e that /3 is weakly mixing. Denote M = A x^- F and N = B xip A. Let 
{ti-yj-ygr C M and {f aIaeA C N be the canonical unitaries implementing a and j3. 
Let p e -^(r) be a non-zero projection and assume that N is embedded (unitaly) inside 
pMp such that I'(A) C pL{T)p. Suppose that there exists a partial isometry v & M 
such that v*v = p, vv* = q & A and vBv* = Aq. 

Then we can find m,aps h : A , S : A ^ T and a unitary z G L{T) such that 

v\ = h{X){zus(x)Z*)p and [zus(x)Z* ,p] = 0, for all A G A. Let K = {7 G r\{zUjZ*)p G 
Cp} and r' = {S{X)k\X G A, /c G K}. Then K,r' are subgroups ofV, \K\ < 00 and F' 
normalizes K. Moreover, we have that: 

• IfVis torsion free, then h is a character and 5 is a homomorphism. If in addition 
the restriction of a to 5{A) is ergodic, then p = q = 1 and B = zAz* . 

• In general, if the restriction of a to V is weakly mixing, then z*pz G L{K)r]Z{L{T')), 
z*pz = \K\~^ J2keK x{k)'^k, for some character x of K , and B = {zA^z*)p, where 
A^ = {a G A\ak{a) — a,\/k & K}. In particular, T{p)~^ — \K\ is an integer. 

The statement of this result is very close to that of Theorem 5.2. in [Po06b]. How- 
ever, rather than assuming that a is mixing, as in [Po06b], we only require that cr\g(^jyj 
is ergodic (in the torsion free case) and weakly mixing (in general). This generalization 
will be essential for us, as we will later apply Theorem 7.1 to the action a defined in 
3.1, for which the "global" condition a is mixing fails. On the other hand, since a is 
a concrete action (i.e. a product of two Bernoulli actions) it will be easy to verify the 
"local" condition cr\s{A) is weakly mixing. 
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Proof. In the beginning of the proof we repeat part of Vaes' proof of Popa's criterion 
(see [Va07, Proposition 9.3.]) which streamhnes the original argument from [Po06b]. 
Identify A with L°°(X, //), where (X,//) is a probabihty space. Let Y G X he a Borcl 
set such that q = ly- Note that vv\v* G U{qMq) normahzes Aq = L°°(y), for all 
A e A, and denote by the associated action of A on Y . Since j3' is isomorphic to /3, we 
have that ^' is weakly mixing. We consider the canonical embedding ry : L°^{X) Xo-P C 
L°°(X,£^(P)) given by r]{auj){x) = a{x)uj, for aU a e L°°{X),x e X and 7 e P, as 
well as the embedding L{T) C £^(P). Also, we view 5^ x P as a subgroup of W(L(P)), 
in the natural way. 

Let w = T{p)^r]{v) e L°^{Y,f{T)). Since /3 is weakly mixing, [Po06b, Lemma 
4.4. (i)] implies that B = v*Av is orthogonal to L{T). The same argument as in the 
proofs of [Po06b, Lemma 6.1.] and [Va07, Proposition 9.3.] shows that every essential 
value wq of the function w : Y ^ ^^(r) lies in L{r) and satisfies WqWq — p. Set 
v' = vwq, p' = v'*v' = wqpwq = wo^O' — T{p)2r]{v') and notice that p' is an 
essential value of w' . By replacing v with v', p with p' , vx with woVxWq and B with 
wqBwq, we may assume that p is an essential value of w, while the hypothesis is still 
satisfied. For the "new" v,p,vx we will prove the conclusion for 2; = 1, which clearly 
finishes the proof. 

Let A e A. Since vvxv* G MqMqiAq), we can find ax G U{L°^{Y)) such that 
vvxv* = ax Yl-yeT l{y|A~^y=7~^y}^7' where we denote \y = I3'y^{y), for every y eY. Let 

= Y^ger^g^g ^ where bg G A. Then {vvxv*)uj = Y.j,ger '^^'^{y\>^-^y=j-^y}i^g ° 
7~^)u-yg. Thus, if we let c{X,y) = ax{y)u^ G -S^ x P C U{L{T)), where 7 G P is the 
unique element such that 7~^j/ = A~^j/, then 

(7.a) r]{{vvxv*)uj){y) = ^ ax{y)l{y\x-^y^^-^y}{y)hg{-i-^y)u^g = 

i,ger 

{ax{y)u^)(^bg{X~^y)ug) = c{X,y)r]{uj){X~^y), for almost ally G Y. 

Since = vvx and G -£'(P), by applying 77 and using (7.a), we get that 

(7.b) c{X,y)w{X~^y) — w{y)vx, for almost all y G F 

Next, we use an argument due to Popa (see the proofs of [Po07a, Proposition 3.5.] 
and [Va07, Lemma 4.8.]) to conclude the first assertion of the theorem. If £ > 0, 
then, since p is an essential value of w, the set W = {y E Y\ \ \w{y) — p\\2 < 
has positive measure. Fix A G A. Since (3' is weakly mixing, we can find g E A 
such that n{gW n W) > and i^{{gX-^)W n W) > 0. Let y e gW DW. Then 
||'f^(2/) ^P||2, \ \'w{g~^y) — PII2 < £ and by using (7.b) we deduce that 



Vg - c{g, y)p\ 1 2 = I \pvg -c{g,y)p\\2 = 
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\\{p - w{y))vg - c{g,y){p - w{g ^y))\\2 < 2e. 

Similarly, if 2 G {g\~^)W fl W, then \\vgx-i — c{g\~^ , z)p\\2 < 2e. Since vx = 
{'^g\-^)*'^gi the combination of the last two inequalities yields 

\\'v\-pc{g\~'^,zyc{g,y)p\ \ = Wv^^-^^g - {c{g\~'^ ,z)p)*c{g,y)p\\2 < 4£. 

Therefore, since c{gX~^ , z)*c{g,y) & x T and £ > is arbitrary, wc can find two 
sequences {tn}n>i C 5"^ and {7n}n>i C T such that lim^^oo I^A - p{tnUjJp\\2 = 0. 
By passing to a subsequence we can assume that tn ^ t E and either 7n ^ 7 G T 
or 7„ ^ 00, as n — >■ 00. If 7^ — >■ 00, then tnU^^ converges weakly to 0, which would 
imply that vx = 0, a, contradiction. Thus, we get that 7^ — >■ 7 G F, hence vx = tpu-yp. 
Since vx G U{pMp), we must have that commutes with p. We altogether deduce 
that there exist maps h : A ^ and 5 : A ^ F such that 

(7.c) [U6{X),P]^Q and •wa = /i(A)w5(A)P, VA G A 

As in the hypothesis, denote K = {7 e r\u^p e Cp} and F' = {6(X)k\X e A,k e K}. 
Then K is finite and (7.c) implies that F' is a subgroup of F which contains as a 
normal subgroup. Notice also that the map A 3 A ^ 5{X)K e T'/K is a group 
isomorphism. 

We can now prove the moreover assertions. 

• If F is torsion free, then K = {e} and (7.c) implies that 5 is a homomorphism and h 
is character. Further, assume that cr\s{A) is ergodic and let £ > 0. Let Wg be the set 
oi y e Y for which there exists w e S'-^ x F C W(L(F)) such that \\w{y) — up\\2 < e. 
Since p is an essential value of w, we have that /i(VFg) > 0. On the other hand, (7.b) 
and (7.c) imply that Wg is A-invariant. Indeed, if y e y, A e A and u e xT, then 
u' = h{X)c{X,y)*uus{x) e xT satisfies 

I \w{X~^y) - u'p\\2 = I |c(A, yyw{y)vx - h{X)c{X, y)*uus(^x)P\ I = 

\\c{X,yyw{y)vx - c{X,y)*upvx\\2 = \ \w{y) -up\\2. 

Since (3' is ergodic, we get that = Y. By reasoning as above we conclude that there 
exists a measurable map u : Y x F such that w{y) = u{y)p, for a.e. y &Y. 

But then (7.b) rewrites as c{X,y)u{X~^y)p = h{X)u{y)ug(^x)Pi for all A G A and for 
almost all y eY. Since c{X,y)u{X~^y), h{X)u{y)us(x) E xT, by using the fact that 
K = {e}, we get that 

(7.d) c(A, y)u{X~^y) = /t(A)w(y)tt5(A), VA G A and for almost all y G F 
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Finally, let u e L'^{A y^^F) ^ L^{X, ^^(r)) be defined by ui{x) = u{x), ifxeY and 
Lu{x) = 0, otherwise. By using (7.a) and (7.d) we get that {vvxv*)uj = h{X)Luus(\), for 
all A e A. Since u = qu> and vv\v* e U{qMq), we further derive that 

(7.e) uj*u; = us{x) {uj*uj)u*gf^^) , VA e A 

By the definition of oj, we can find a G and a measurable partition {Aj}j^r 

of Y such that uj = aJ^jer^A^'^'y Hence, we have that oj*uj — S-),gr '^t-'-^-y'^t ~ 
Y^jer ^-y-^A^ £ ^- Since <J\s{A) is ergodic, by (7.e) we deduce that ^^^r ^ CI. 

This clearly implies that Y = X, hence p = q = 1. Also, we get that w{y) = u{y) e 
xF, for almost all y G X, thus v e Mm{A). This shows that B = A, which concludes 
the proof of the torsion free case. 

• The proof of the general case is an adaptation of arguments from [Po06b, Section 6]. 
Assume that cr|r' is weakly mixing. Since p is an essential value for w = T{p)2r]{v), we 
can find a decreasing sequence of non-zero projections {qn}n>i C Aq such that 

(7.f) \\q'v - T{p)--^q'p\\2 < 2-^-^\\q'\\2,yq' G P(Ag„) 

and every n > 1 (see [Po06b, Lemma 6.1.]). 

Let us introduce some notation. Fix n > 1 and A G A. Since p,vx G L(r) we 
can decompose p = X^^gp '^-y'^-y '^x = S7er '^^'"7; with c-y, G C, for all 7 G F. 
Thus, we have that qn^xq-n = J^^^r '^7'^7(?^)?^'"7- Also, we decompose qnvvxv*qn = 
E^er«7"«7' with a^'^'eAq. 

Let = {7 G F|a^'" ^ 0}. By using (7.f), [Po06b, Lemma 6.3] gives that 

(7.g) |a^'"| - a^(?n)gn and |1 - r(p)- 1 1 < 2"", V7 G F,^ 

Note that since vx = h{X)us{x)P and \h{X)\ = 1, we get that 

(7.h) |c^| = |c5(A)-i7l,V7GF,AG A 

Next, we prove the following: 
Claim. t{p)~^ G N and |c^| G {0, t{p)}, for aU 7 G F. 

Proof of claim. Let n > 1 and £ > 0. Set F = {7 G F| \cj\ > ^}. By (7.g), if 
7 G F^ then |c^| > Using (7.h) this shows that 5{X)~^^ G F. In other words, 

F^ C 5(A)F, for aU A G A. 

Now, since vvxv* normalizes Aq we get that a^'"^ are partial isometries in Aq. Thus, 
using the definitions of F^, a^'"^ and the fact that v*qnV G v*{Aq)v — B we derive that 

(7.i) J2 ^(l«7"l) = Zl^(|a7"l) = \\(lnvvxv*qn\\l = T{qnvvxv*qnvvlv*qn) = 
jeF>^ 7er 
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r{vx{v*qnv)vl{v*qnv)) = T{j3x{,v* q^v) {v*qnv)). 
Combining (7.g) and (7.i) yields 

(7.j) ^ T{a^{qn)qn) = r{/3x{v*qnv) {v*qnv)),yX G A 

Recall that A = F' /K and let tt : F' — )■ A be the projection given by n{d{X)k) = A, for 
all A e A and k E K. Let p : F' — >■ Aut{A^B) be the action defined by pg = ag® Pn(g)i 
for all g eV . Since a^-p> and /3 are both weakly mixing, we get that p is weakly mixing. 
Let tb denote the normalized trace on S, i.e. tb{p) = 1 and TB{b) = r(p)~^r(6), for 
all 6 G -B. Since p is weakly mixing, we can find a sequence {gm}>i C F' such that 
o'g^{a) — )■ T(a) and Pn{gm)i^) ~^ '^B{b), weakly, for all a e A and 6 G -B, as m — )■ oo. We 
may clearly assume that gm = S{\m)k, for some sequence {Xm}m>i C A and k E K. 
Thus, we have that as(^Xm)i'^) ~^ '^{^) l3x^{b) — )■ TB{b), weakly, for all a G ^, 6 G B. 

In particular, it follows that we can find A G A such that 

(7.k) r{a5(x)g{qn)qu) < {1 + e)T{qnf ,\/g G F and 

r{(3x{v*qnv) {v*qnv)) = r{p)TB{/3x{v*qnv) iv*qnv)) > 

(1 - e)T{p)TB{v*qnvf = (1 - e)T{p)-'T{qnf. 

Since C 5{X)F, (7.j) and (7.k) together imply that (1 + e)\F^\ |r(?n)P > (1 - 
£)'Tip)~^'Ti(ln)'^- Hence, > (1 — £)^r(p)~^. From this, (7.g) and (7.h) we deduce 
that the cardinality of the set Sn '■= {7 G F| \cj\ > (1 — 2~"')r(p)} is at least (1 — 
e)^T{p)~^. As £ > is arbitrary, we get that \Sn\ > t(p)~^, for all n > 1. Thus 
S = r\n>iSn = {7 1 G F| |c^| > t{p)} has cardinality at least t{p)~^. On the other 
hand, since ^^^p |c^P = IbHl = 't{p)i we get that < t{p)~^. The last two facts 
clearly give the claim. □ 

Going back to the proof of (2), notice that by combining the above claim and 
[Po06b, Lemma 5.3] we can find a finite group K' G T and a character x of K' such 
that p = \K'\~^ Xlfc'eK' xik')uk'- Thus K = {7 G r\u^p G Cp} = K' and the last part 
of the proof of [Po06b, Theorem 5.2.] (pages 439-441) gives the conclusion. ■ 

§8. Strong rigidity for embeddings of Hi factors. 

We are now ready to prove the main technical results of this paper. Let M = 
A X F and N = D >ip A he the crossed product algebras associated with actions of 
countable groups F and A on abelian von Neumann algebras A and D. We say that 
an embedding A : — )■ M is standard if we can find a subgroup Fq C F and a cr(Fo)- 
invariant subalgebra Aq <Z A such that, up to conjugation with a unitary element and 
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modulo scalars, we have that A (A) = Fq and A{D) = Aq. In other words, a standard 
embedding arises from a "reahzation" of A as a subgroup Fq C F and of p as a quotient 
of c7|ro. 

Assume that A is a "rigid group" (e.g. A has property (T) or is a product of two 
non-amenable groups) and that o" is a Bernoulli action. Our first result roughly says 
that any embedding A : A?" — > M is standard unless it comes from an embedding of 
N into L{T). As we will see in Section 10, in certain situations (e.g. if F = F2 x F2), 
we can rule out the appearance of such bad embeddings and thus we can completely 
describe the embeddings of into M. This is why we use the phrase strong rigidity 
for embeddings to refer to the results of this section. 

8.1 Theorem. Let T be a torsion free, ICC, countable group, B be an abelian von 

Neumann algebra and denote M = x F. 

Let p : A ^ Aut{D) be a free action of a countable group A on an abelian von Neumann 
algebra D and denote N = D xip A. Suppose that A admits an infinite, almost normal 
subgroup Aq such that either 

(1) the inclusion (Aq C A) has the relative property (T) or 

(2) Aq is generated by two commuting subgroups Ai, A2, with Ai non-amenable and A2 
infinite. 

Let A : N ^ M be a *-homomorphism and suppose that A{N) -^m -^(T). 
Then A must be unital and there exist a character rj of A, a group homomorphism 
5 : A — >■ F and a unitary u & M such that A{D) C uAu* and A{vx) = 'q{X)uus(^x)'>^* > 
for all A e A. 

Recall that a subgroup Aq of a countable group A is almost normal if AAqA"^ D Aq 
has finite index in both AAqA"^ and Aq, for any A e A. 

We are also able to prove a strong rigidity result for the embeddings of N into a 
tensor product M = Mi®M2 of two IIi factors coming from Bernoulli actions. If we 
represent M as a crossed product A x F, as in 3.1, then our second result gives a list of 
assumptions which force an embedding A : — )> M to be standard, in the sense from 
above. This result will be crucial in deriving VF*-superrigidity (see Section 9). 

8.2 Theorem. In the context from 3.1, i.e. Mi = B^' x F^, M = Mi^M2, A = 
bI'®bI\ F = Fi X F2, assume that F is ICC (i.e. Fi,F2 are ICC). 

Let p : A ^ Aut{D) be a free action of a countable group A on an abelian von Neumann 
algebra D and denote N = D Xp A. Suppose that A admits an infinite, almost normal 
subgroup Aq such that the inclusion (Aq C A) has the relative property (T). 

Let A : N ^ M be a * -homomorphism and suppose that: 

(1) A(L(Ao)) L{T^) ® 1 and A(L(Ao)) 1 ® L{V2). 

(2) A{N) L(Vi)®M2 and A{N) -/<m Mi0L(F2). 

We have that 
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• If T is torsion free, then A must be unital and we can find a character rj of A, a 
group homomorphism 5 : A — > F and a unitary u & M such that A(D) C uAu* and 
A{v\) = rj{X)uus(^x)U* , for all A e A. 

• In general, we can find a finite index subgroup Ai of A, a 1-1 map 5 : Ai — >■ F, 
ui, .., Un G A/'m(^) and u e U{M) such that if we let A = Ad{u) o A : N ^ M then 

(a) A{D) C A, there exists a projection p E A and G {A)i, for all i e 
{1, .., n}, A G Ai, such that p < A(l) and pA{v\) = Xir=i ^'i'^s{\)'^ij /o'^ 0,11 A G Ai, 

(b) there exists a finite subgroup K dV such that 5(A) normalizes K and we have that 
5{\\')-^5{\)5{\') belongs to K, for all A, A' G Ai. 

If in addition max{|iir| \K finite subgroup ofV} < oo, then r(A(l)) G l~^N, where I is 
the least common multiple of \K\ with K being a finite subgroup ofV. 

The conclusion of Theorem 8.2 (in the case when F has torsion) is rather involved 
and technical and might seem hard to work with. However, it is manageable enough to 
be useful in applications. Thus, we will use it to prove VF*-superrigidity of Bernoulli 
actions of property (T) groups without assuming torsion freeness. This is of particular 
interest when applied to the linear groups SLn(Z), for n > 3. 

Theorem 8.1 can be also extended (just as Theorem 8.2) to cover groups with torsion. 
On the other hand, note that Theorem 8.1 applies to a larger class of groups A than 
Theorem 8.2. Let us explain why this difference appears. The first step in the proofs 
of both 8.1 and 8.2 consists of showing that if A : — )■ M is an embedding, then L{A) 
is "absorbed" by L{V). When A has property (T) this is granted by Theorem 2.1, in 
both the contexts from 8.1 and 8.2. If A = Ai x A2 is a product of two non-amenable 
groups, the absorption result still holds in the context of 8.1 (by [P0O8]). However, 
if M = Mi®M2 is as in 8.2, then the absorption result fails in general. Indeed, one 
can easily construct a situation in which we have that -^(Ai) C Mi and L[A2) C M2 
without having that L[A) is absorbed by L{V). 

We first prove Theorem 8.2. Since the proof of Theorem 8.1 is analogous to the 
proof of Theorem 8.2, we will only sketch it, leaving most of the details to the reader. 

Proof of Theorem 8.2. Let A : AT — )■ M be a *-homomorphism satisfying (l)-(2) and 
set q = A(l). From now on, we identify N with A{N) and forget about A. Since 
the inclusion (Aq C A) has the relative property (T), the inclusion (L(Ao) C qMq) is 
rigid ([Po06c]). By using (1) and the fact that F is ICC, Theorem 2.1 implies that we 
can find a unitary u G M such that u{qJ\fqMq{L{Ao)y')u* C -^(F). Since Aq is almost 
normal in A we deduce that 

(8.a) uL{A)u* C L(F) 

Next, we claim that 



(8.b) 



D -/^M L{Ti)®M2 and D Mi®L(F2) 
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Assume by contradiction that D -<m L{ri)^M2. Since D is abelian, we can find a 
non-zero projection r E D' f] qMq and a,b E M such that {D)ir C a{L{Ti)'^M2)ib. 
Recall that Mi = B^^ x Ti and let Mi D Mi, {91} tm C Aut(Mi) be the weakly 
malleable deformations defined in section 1.5. Set 6t = 6}® id^a ^ Aut(Mi(8)M2). 

Let V be a p( A) -invariant, ||.||2-densc subgroup o{U{D). Then W = {t;;s^t;|A G A,f G 
V} is a group of unitaries of which generates A as a von Neumann algebra. By using 
(8. a) and the inclusion Vr C a(M2)i6, we get that Ur C u*{L(T))iua{L{ri)®M2)ih. 

Since Ot\L^Y^)®M2 = id^(ri)®M2> we can find t > such that \\dt{x)r - xr\\2 < -^^j 

for all X eU. Thus, for all a; G W we have that ^{{9t{x)r — xr),xr) > — hence 

I 1^1 I ^ 

^T(x*9t{x)r) — 3ft {9t{x)r, xr) = {xr, xr) + 3ft {{9t{x)r — xr),xr) > — 

Since W is a group, by averaging (see e.g. the proof of 2.1) we deduce that there 
exists 7^ G qM such that v9t{x) = xv, for all x E U. Since U" = A, we get that 
v9t{x) = XV, for all x G A. The proof of Theorem 2.1 (see Remark 2.2) implies that 
A -<M -L(ri)(8)M2. This contradicts assumption (2), hence, (8.b) is proven. 

Further, by combining (8. a), (1) and (8.b), Theorem 6.1 implies that C = D' HqMq 
is a type I von Neumann algebra and that we may assume that q = A{1) E A and 
Aq C C. 

Denote by Z the center of C. Since D is abelian, Z contains D. Since C is of type 
I we can decompose Z = (Bi>iZi, where Zi are abelian von Neumann algebras, such 
that C — ©i>i(M„. (C) ® Zi), for some (possibly finite) strictly increasing sequence 
1 < ni < 77-2 < ... Since ^ C M is maximal abelian, we get that Aq is maximal 
abelian in C. Since, by a classical result, any two maximal abelian subalgebras of 
a type I algebra are conjugate (see e.g. [Va07, Lemma C.2.]), we may assume that 
Aq = ©i>i(C"'" © Zi), where C"* C M„. (C) is the subalgebra of diagonal matrices. 

Now, since A = {fA}AeA C U{qMq) normalizes D, it also normalizes C = D' HqMq 
and Z = Z{C). Moreover, A normalizes M^. (C) ® Zi and Z^ , for alH > 1. Denote 
by a the action of A on Z given by a.\{z) = vxzv^, for all A G A and z E Z. Since a 
leaves Zi invariant, for alH > 1, we can define an action /3 of A on C by letting 

Px = ©i>i(idM„.(C) © «A|zJ e Aut(C), VA G A. 

Let A G A. Since the automorphisms /3\ and Ad(f a) of C are equal on its center, Z, 
by [KR97, Corollary 9.3.5.] we can find a unitary ojx E C such that f3\ = Ad{v\OJ\), 
as automorphisms of C. As (3 leaves Aq = ©i>i(C"^ © Zi) invariant, we get that 
vxOJx G MqMqiAq). Thus, we can find zx G U{Aq) and Vx G NqMqiAq) of the form 
^\ = E7Gr^'7,A«7> where p^,A e ViAq), such that vxOJx = Vxzx- 

We claim that Va^a' = Vxx' , for all A, A' G A. To see this, let v = V^yVxVx' G 
U{qMq). Note that for aU a; G we have that VxxV^ = Va^a^^-^^V^ = Px{x)- Using 
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this fact, we immediately get that v e {Aq)' fl qMq = Aq. On the other hand, v is of 
the form v = Yl/'y^vPi'^ii some e V{Aq) (this is because V\' and V^y are of 
this form). By combining the last two observations wc get that = 1, as claimed. 

We also claim that Ea{V\) = 0, for all A G A \ {e}. Otherwise, we can find X e 
and a non-zero projection p G Aq such that (3x{x) = x, for all x G Ap. Thus, we can 
find a non-zero projection pq & Z such that ax{x) = x, for all x G ZpQ. Since D (Z Z, 
we get that ax{x)po = xpo, for all x & D. Let 7^ pi G D be the support projection of 
Ed{po)- By projecting onto D and noticing that ax\D = PA, as automorphisms of D, 
we get that px{x)pi = xpi, for all x E D. This, however, contradicts the freeness of p. 

Altogether, we proved that there exist wx — ojxz^ £ ^(C') such that Vx = vxwx 
normalizes C, Aq and Z, VxVx' — Vxx' and Ea{Vx) — 5x,eC[i for all A, A' G A. For 
z > 1, let Cj^i, .., Bi^m £ be the canonical projections. Then ^ fixes p^^j := (8) 1 G 

Next, we prove the following: 

Claim 1. There exists a unitary v G U{M) such that vVxv* G -£'(r), for all A G A. 

Proof of claim 1. Let Q = {Vx\X G Aq}" and P = {Vx\X G A}". Since the inclusion 

(Aq C A) has the relative property (T), by [Po06c] the inclusion [Q C M) is rigid. 
Since Aq is almost normal in A, we get that P C qAfqMqiQ)" ■ Since F is ICC, by 
Theorem 2.1, in order to prove the claim, it suffices to show that Q t^m -^(ri) and 

Q Hr2). 

Let us show that Q -^m -^(ri). Since L(Ao) -^m -^(ri). Theorem 1.3.1 gives a 
sequence {A„}„>i C Aq satisfying \\Ei^{^^'){xvx^y)\\i — >• 0, for all a;, j/ G M. We claim 
that 

(8.c) sup ||£;i(ri)(a;vA„ya2;)||2 0, Va;,?/, 2; G M 

a€(A)i 

Let a G (^)i. Since wL(Ao)tt* C -£'(F), we can assume that vx^ G -£'(F), for the 
purpose of proving (8.c). Then we can decompose vx^^ = X]76r Cn,7'U'7 7 where c„^-y G C, 
for all n > 1 and 7 G F. It is clearly enough to prove (8.c) when x = XQUg,y = 
PoUh, z — zoUk, for some xq, 2/0, -^o ^ (^)i and g,h,k E F. In this case, we have that 

xvx„yaz = Cn,'yXoag^{yo)ag^hici'Zo)ug^hk- 
7er 

Since a, xo,yo, zq G (^)i, we get that \T{xoagj{yo)ag^hiO'Zo))\ < 1, for all 7 G F. Thus 
\\EL{ri){xvx^yaz)\\l= ^ \cn,^f\r{xocrg^{yo)crg^h{azo))f< 

■yeg-^Tik-^h-^ 

XI = \\EL(ri){ugVx^Uhk)\\l- 

■y€g-^rik-^h-^ 
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As we have that \\EL(^ri){ugVx^Uhk)\\2 — ^ 0, (8.c) is therefore proven. 

Next, fix £ > and x,y E M. Let qo E C he a projectfon such that | l^o — ?! I2 < £ and 
Cqo = ©^^j^(M^.(C) ® Zi), for some k > 1. Remark that we can find zi, .., zi E C such 
that {Cqo)i C X]j=i(^)i%- Moreover, for every u e U{C) we have that — go)||2 = 
\\q — qo\\2 < £■ By using these facts and recalhng that wx^ E U{C), we deduce that 

\\EL{T^){xVx^y)\\2 = ||£^i,(ri)(^^A„W^A„2/)||2 < 

\\El{t^){xvx^wxM - 90)2/) 1 12 + \\Enr^){xvxS'^x^qo)y)\\2 < 
I 

A\A\\\y\\ + Y] \\EL{i\){xvx^azjy)\\2'in>l. 

This inequahty in combination with (8.c) gives that hmsup^^^^ \ \EL{T'i_){.xVx^y)\\2 < 
e. Since £ > is arbitrary, we deduce that hm^^^oo \\EL{Ti){.xVx^y)\\2 = 0, for all 
x,y E M. Since {VA„}n>i C U{Q), we get that Q -^m -^(ri). □ 

Next, recall that Vx normalizes Aq and Vx^Vx ~ P\{x)i for all x E Aq, A e A. 

Claim 2 ([Po06b]). There exist a finite index subgroup Ai C A and a non-zero /3(Ai)- 
invariant projection p E AqOv* L(T)v such that the restriction of the action ^|^^ to Ap 
is weakly mixing. Moreover, we have that p < Pij, for some i > 1 and j E {1, ..,nj}. 

Proof of claim 2. This claim follows from an argument of Popa (see the proofs of 
[Po06b, Lemma 4.5.] and [Va07, Theorem 9.1.]). Let Aq = Aq fl v*L{r)v and note 
that q E Aq. It is easy to see that Aq is a completely atomic, (abelian) von Neumann 
algebra. Since Vx E v*L{r)v, for all A G A, we get that Vx normalizes Aq, hence Aq is 
/^-(globally) invariant. Let p E Aq he a, minimal projection. Then p is invariant under 
some finite index subgroup Ai of A. Denote Qi := {Vx\X E Ai}" C qMq and notice 
that pEQ[n qMq. 

Towards proving that the restriction of /3|Ai to Ap is weakly mixing, let "H C Ap be a 
finite dimensional /3(Ai)-invariant subspace. Since for every A G Ai and ^ G "H, we have 
that Vx$ = f^xiCWx C nVx and ^Vx = VxPx-^ (0 ^ VxH, we derive that n is contained 
in the quasi-normalizer of Qip inpMp. Since Qip C v*L{T)v, while Qi t^m -^'(ri) and 
Qi -^(r2) (by the proof of claim 1), [Va08, Lemma 4.2.] gives that V, C v*L{r)v. 
Thus, we get that "H C ApHv* L{r)v = Aop. Since p is a minimal projection in Aq, we 
must have that T-L — Cp, which proves the weak mixingness assertion. The moreover 
assertion is clear since Pij is ^-invariant, for alH > 1, j G {1, .., n^}. □ 

To summarize, we have that 

• {Vx}\eA C v*L(T)vriU(qMq) normalizes Aq 

• p E Aq n v*L{V)v commutes with Vx-, for all A G Ai, and 

• the action Ai 9 A ^ l^\\Ap — Ad(VAp) G Aut(Ap) is weakly mixing. 
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Let = vpv* e L(r) and Ai = {v{Vxp)v*}xeA^ C U{p' L{T)p'). Then Ai acts on 
B = v{Ap)v* C p'{A Xcr r)p' by conjugation and the resulting action (denoted /3') is 
weakly mixing. Moreover, we have that {B,Ai}" = B xi^/ Ai. Indeed, this is because 
EB{v{yxp)v*) = EApiVxp) = Ea{Vx)p = 0, for all A G Ai \ {e}. 

By applying Theorem 7.1 we can find maps /i : Ai — )■ 5^, 5 : Ai ^ F and a unitary 
w e L(r) such that [wus(x)'w* ^p'] = and 

(8.d) v{Vxp)v* = /i(A)(«;«5(A)«;*y, VA e Ai 

Let K = {7 e T\{wu^w*)p' e Cp'} and V - {6{X)k\X eAi,ke K}. Then K,T' are 
subgroups of r, < 00 and V normalizes K. It is also clear that 5{XX')~^5{X)5{X') e 
K, for all A, A' G Ai, thus proving condition (b) in the general case. To show that a\-p' is 
weakly mixing, let tt^ : F — )> be the projection 7ri(7i, 72) = 7^. Then a is the diagonal 
product of the generalized Bernoulli actions aiom : F — > Aut(Sp). Thus, if cr|r' is not 
weakly mixing then either (cxi o 7ri)|r' or (cr2 o 7r2)|r' is not weakly mixing. By [Po07a, 
Lemma 4.5.] we would get that some finite index subgroup F" of F' is contained into 
either Fi or F2. By using (8.d), this would imply that a corner of Qi = {Va|A G Ai}" 
embeds into either L{Ti) or I'(F2), a contradiction, by the proof of claim 1. 

For the rest of the proof we analyze separately the case when F is torsion free and the 
general case: 

• If F is torsion free then K = {e}, h is a, character, 5 is a 1-1 homomorphism and 
F' = 5(Ai). Since cr\s{A-i) is ergodic, by Theorem 7.1 we get that p = 1 and B = wAw*. 

Since p < q — A{1), A must be unital. Also, since by claim 2 we have that p < pij, 
for some i > 1 and j G {1, ..,ni}, we deduce that C is abelian and Z = A = C. 
Moreover, we get that /3\\^ is weakly mixing and hence /5 itself is weakly mixing. Thus, 
in claim 2 and after we may take Ai = A. If z = v*w, then z normalizes A and (8.d) 
can be rewritten as 

(S.e) Vx = h{X)zusix)z\yXeA 

Let 9 = Ad{z) G Aut(A). Then (S.e) implies that ^x = o as(^x) ° ^"S for aU A G A. 
In other words, the actions (3 and o'\s{a) are conjugate. 

Next, recall that vx = Vx^xi for all A G A, for some unitary wx & C = A. Since 
v\vx' = vxx' and vx = ^xi'Wx)Vx., for all A, A' G A, we get that the map A 9 A — >■ 
Pxi^l) G U{A) is a 1-cocycle for /3. By the proof of claim 2, Q = {Vx\X G Aq}" 
satisfies Q -^m E{T\) and Q -j^m L{V2)- By reasoning as above we deduce that cri^^^^^) 
is weakly mixing. Note that the inclusion (5(Ao) C 5(A)) has the relative property (T) 
and is almost normal. Finally, note that a is s-malleable (see [Po07a, section 4] for 
definition and proof). 

Altogether, we can apply Popa' cocycle superrigidity theorem ([Po07a, Corollary 
5.2.]) and deduce that the action (T\5(^h) is Z///in~cocycle superrigid (in the sense of 
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[Po07a, 5.6.0.]). Thus, is cocycle superrigid, so we can find U e U{A) and a 
character h' of A such that ^{\){wl)Vx = h'{X)UVxU*, for all A e A. Together 
with (8.e) this provides a character i] = hh' of A and W = U z ^ Am(^) such that 
vx = rj{\)Wus{X)W* , for all A e A. As A = C D -D, this gives the conclusion in the 
case when F is torsion free. 

• For general F, since (J\y' is weakly mixing, by Theorem 7.1 we deduce that po = w*p'w 
is of the form po — \K\~^ YlikeK x{k)uk G L{K), for some character x of K, and that 
B = w{A^po)w*, where A^ = {a e A\a{k){a) ^ a,\/k e K}. 

In particular, this shows that r{p) — \K\~'^ G for every minimal projection p 

of Aqr\vL{T)v* and so we get that r(A(l)) = r{q) G (if we assume that / < oo). 

Now, let z = v*w. Then (S.d) implies that Vxp — h{X)z{us(^x)Po)^* j for all A G Ai. 
Also, since B — v{Ap)v* — w{A^po)w* , we get that 

(8.f) Ap = z{A''po)z* 

Next, let G A be a projection such that the projections {cr{k){qo)}keK form a 
partition of unity in A (here, we use the fact that K acts freely). Then it is easy 
to verify that ^ = iKl'spQqQ is a partial isometry such that = Q'cCC* = Po and 
A^Po = C{^Qo)C- Thus, (S.f) gives that z^{Aqo){z$,)* = Ap and so we can find 
T] G J\fM{A) extending the partial isometry z^. Since rj^* = zpo we get that 

(8.g) Vxp = hiX)riieusix)Ov*, VA G Ai 

Recall that vx = Vxwl, where wx G W(C), and that C = ©i>i(Mni(C) (g) Zi) D 
Aq — ©i>i(C"'' ® Let i such that p < pij, for some j G {1, .., nj}. Since C""* ® 2i 
is regular in (C) (8) and ® Zi = Aqi, for some G 7'(Aq'), we can find 
ui,..,Um &Mm{A) such that (M^,(C)®Zi)i C Elli(A)i'Ui. Since C M„,(C)®Zi, 
we derive that pw\ G foi" all A G Ai. Combining this with (8.g), the 

definition of ^ and the fact that r] normalizes A gives that 

m 

(8.h) pvx = {Vxp){pwl) G r7(r«5(A)0^* C 

m 

\K\ ^ ^(A)i?7UfcU5(A)'Ufc'r7*Mi,VA G Ai. 

k,k'eK i=l 

Recall that TV C qMq (unitally), D G Aq and p G Ag. Finally, let A = Ad(?7*)|Ar : 
N — >■ M. Since 5(A) normalizes K and 77 G jVm(^), (8.h) implies that 

m 

(?7*pr7)A(vA) G ^ y^(^)mg(A)ttfefe'?7*^ti77,VA G Ai. 

k,k'€K i=l 



W*-SUPERRIGIDITY FOR BERNOULLI ACTIONS 



45 



Since A(D) C A, ri*pri < A(ljv) = ri*qri and Uk {k G K), rj, Ui all normalize A, this 
completes the proof. ■ 

Proof of Theorem 8.1. Let A : — )■ qMq be a unital *-homomorphism, for some 
q e P(M), and identify N with A(iV). Assume that N L{T). Since D is regular 
in AT and a is mixing, by [Po06a, Theorem 3.1] we get that D -/^m L{T). 

Further, we claim that we can find u G U{M) such that uL{K)u* C L{T). In case 
(a), this follows from Theorem 2.1, while in case (b) it follows from [Po08, Lemma 
5.2] and [CI08, Theorem 3]. By combining there two facts and Theorem 6.2 and by 
reasoning as in the proof of 8.2 (the torsion free case), the conclusion follows. ■ 

§9. W*-SUPERRIGIDITY. 



In this section we prove Theorem A. Let us first restate it using the language of von 
Neumann algebras. 

9.1 Theorem. Let V he an ICC countable group which admits an infinite, almost 
normal subgroup Vq such that the inclusion (Fq C F) has the relative property (T). Let 
B be a non-trivial abelian von Neumann algebra. Denote M = xi F and A = B^ . 
Let p : A — )■ Aut{C) be a free ergodic action of a countable group A on an abelian von 

Neumann algebra C . Denote N = C xi A. 

Let 9 : N —> qMq be a * -isomorphism, for some projection q E M . 

Then q = 1 a,nd there exist a unitary u G M , a character rj of K, a group isomorphism 
5 : A r such that 9{C) = uAu* and 9{vx) = ri{\)uus(^x)U* , for all A G A. 

Define the *-homomorphism A : — )■ N®N by letting /S.{cv\) = cv\ ® ^a, for all 
c G C and A G A. Note that A has been introduced in the proof of [PV09, Lemma 
3.2.]. 

Since N = qMq, we can view A as a non-unital embedding of M into M®M. In 
the proof of Theorem 9.1 we will apply Theorem 8.2 to A. We will then need certain 
properties of A, that we record in the following lemma. 

9.2 Lemma. Let Q <Z N be a von Neumann subalgebra. We have that: 

(1) IfA{Q) ^j^^j^ N^l, then Q C. 

(2) If A{Q) ^jv®jv i 'S> N, then Q is not diffuse. 

(3) IfA{N) ^^^jv Q'^N, then C ~<n Q. 

(4) // A(iV) ^^^^ N^Q, then L(A) ^n_Q- Moreover, if A{N)s ^^^^ N^Q, for 
every non-zero projection s G A(A'")' fl N^N, then L{A)r -<n Q, for every non-zero 
projection r G -^^(A)' fl N . 

Proof of Lemma 9.2. (1) Arguing by contradiction, if Q 7^ at C, we can find a sequence 
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{un}n>i C U{Q) such that \\Ec{aUnb)\\2 0, for all a,b e N. We claim that 

(9.a) \\EN0i{xA{un)y)\\2 0, for all x,y E N^N 

Since En0i is N (S) 1-bimodular, we may assume that x = 1 ® aUg, y — 1® buh, for 
some a,b e C and g,h e A. Then for all n > 1, we have that 

xA{un)y = ^ Ec{unvl)vx <8) avgvxbvh 
AeA 

Thus we get that \\EN(g,i{xA{un)y)\\2 = \r{aph-i{b)\ \\Ec{unV*^)\\2 — >■ 0, which proves 
(9. a). Since G U{Q), (9. a) implies that A[Q) t^tv^at N and we are done. 

(2) The proof of this part is similar to the proof of (1), so we leave it as an exercise. 

(3) If A(iV) -<Ar^7v Q®N, then A(C) ^jv^at Q^N . The conclusion follows easily after 
noticing that A(C) = C (g) 1. 

(4) Arguing by contradiction, assume that L(A)r -/^n for some non-zero projection 
r G i^(A)' n A?". Since the group {f a'^IaeA generates L(A)r as a von Neumann algebra, 
we can find a sequence {A„}^>i C A such that \\EQ{av\^rb)\\2 0, for all a,b E N. 

Define s := 1 (8) r e A (A/")' n N'^N. We claim that 

(9.b) \\E^^Q{xA{vxJsy)\\2 ^ 0, Vx, y e N^N 

Since E^-^Q is A"® 1-bimodular, we may take a; = l(8)a, j/ = 1(8)6, for some a,b E N. 
Then £;^^Q(a;A(t)A„s)y) = vx^ (g) Eqiavx^rb). Since | |£;Q(at;A„r6) 1 12 0, this proves 
(9.b). Now, since A{vxjs G U{A{N)p), (9.b) implies that A(Ar)s t^jv^at -^®<5 and 
our proof by contradiction is over. ■ 

Remark. The moreover part of (4) was first noticed by Stefaan Vaes who pointed out 
to us that it can be used to simplify our initial proof of Theorem 9.1. Specifically, the 
moreover part of (4) enables us to avoid repeating the proof of Theorem 6.1 in the 
proof of Case (5) below. 

Proof of Theorem 9.1. Let 9 : N ^ qMq be an isomorphism, for some q G V{M). 
Let t = T{q)~^ and > t be an integer. View C'^ as the algebra of diagonal matrices 
in M/5(C) and let r G C'^ (8 C be a projection of normalized trace | in Ma;(C) (8) C. 
Consider the *-homomorphism idM^. (C) ® A : Mfc(C) ® N ^ Mfc(C) ® {N(^N) ^ 
(Mfc(C) ® N)^N. Since (idMfc(c) ® A)(r) = r ® 1 and r(Mfc(C) ® N)r = N\ we get a 
unital *-homomorphism A^ : A^* N^^N. 

Fix an embedding A" C A"* and view A^ as *-homomorphism A^ : A"* A^*(8)A^*. 
It is easy to see that Lemma 9.2 holds true if we replace A" and A by A"* and A^, 
throughout. We denote by = r{C^ (8> C)r C A^*. Remark that C* C A"* is a Cartan 
subalgebra and that At{x) = x <® q, for all a; G C*. For simplicity, we denote 1 <S> q hy 
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q. From now on, we identify = M (via 9^, the t-amplification of 9) and view as 
*-homomorphism : M — >■ M®M with At(l) = q. 

To continue, assume for the moment that {o) there is a non-zero projection s e 
At(M)' n q{M®M)q such that At(M)s ^m®m M^L{A). Let At : M M®M be 
given by At{x) = At{x)s. Since At{M) -/^m^m Af®L(A), by applying Theorem 8.2 to 
At we conclude that we are in one of the following cases: 

(1) There exist a finite index subgroup Fi of F, a 1-1 map 5 : Fi — )■ F x F, mi, .., m„ e 
A/m®m(^®^) and u G U{M®M) such that A := Ad(w) o A^ : M M®M satisfies 
(a) K{A) C there exists 7^ p G and aj G {A®A)i, for all i G {1, ..,n}, 
7 G Fi such that p < A(l) and pA(u^) = ^^Li 0']'^Si'y)Ui, for all 7 G Fi, and 

(6) there is a finite subgroup K of F x F such that 5(77')~^5(7)5(7') G K and ^(7) 
normalizes for all 7, 7' G Fi. 

(2) At(L(Fo)) ^M^M i^(r)®l. 

(3) At(L(Fo))^M^Ml®^(r). 

(4) At(M) -<A,^^ L(F)®M. 

On the other hand, if (o) fails then we are in the following case: 

(5) At{M)s -<M^M M®L{V), for any non-zero projection s G At(M)' n q{M'^M)q. 

For the rest of the proof, we analyze each one of these cases and show that they either 
lead to a contradiction or imply that (★) -<m A or that uL{A)u* C -^(F), for 
some u G U{M). If (★) holds, since and A are Cartan subalgebras of A^* = M, 
[Po06c, Theorem A.I.] provides a unitary v E M such that A = vC^v*. Popa's 
cocycle/OE superrigidity theorems ([Po07a, 5.2. and 5.6.]) then imply that t = 1 
(thus q = 1) and that the isomorphism 9 : N ^ M is oi the desired form. If (•*-*-) holds, 
then the conclusion follows from [Po06b, Theorem O.7.] (see Theorem 6.3). 

Case (1). Let G be the set of all g E Ti for which we can find k E K such that 
S{g)k G F X {e}. Since 6 satisfies (6), G is a subgroup of Fi. 

Let us prove that G is finite. If gr G G, then 5{g) G (F x {e})K. Condition 
(a) implies that pA{ug) G X^r^i SfeeK(-^®^)i'"fe'"*- T^^^^ shows in particular that 
A(L(G)) -<M'^M M'^A. On the other hand, we may assume that (2) and (3) are false 
since these cases will be dealt with later. Since the inclusion A(L(Fo)) C A(L(F)) 
is rigid and quasi-regular, by Theorem 2.1 we can find a unitary v G M®M such 
that A{L{G)) C A(L(F)) C v{L{T)®L{V))v\ The last two facts readily imply that 
A{L{G)) -<M^^ L(F) ® 1. _ 

By the construction of A it follows that At{L{G)) -<m®m -^(r) ® 1- But then 
Lemma 9.2 (1) (which holds for At) yields that L{G) C*. 

Further, by [Va08, Lemma 3.5.] we deduce that -<m L^G)' fl M. If G is infinite, 
then L{G) is diffuse. Hence, since a is mixing, [Po06a, Theorem 3.1.] implies that 
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L{Gy DM C L(r). Thus, we would get that C* -<m ^(r). Since C* is regular in M, 
by applying [Po06a, Theorem 3.1.] (see also Lemma 3.4) we derive a contradiction. 
This shows that G is finite. 

Using the fact that G is finite we next deduce the following claim: 

Claim. Let {xm}m>i C M be a sequence with ||a;m|| < 1- Denote x'^ = EA{xmU^) 
and assume that ||a;J^||2 — >■ 0, for all 7 e F. Then we have that 

(9.c) \\EM<g>i{ypH^m)z)\\2 0, for all y,ze M®M 

Proof of the claim. Let Mi — A >iVi. Since Fi has finite index in F, we may assume 
that Xm e Afi, for all m > 1. 

Since Em 01 is M 1-bimodular, we may assume that y = 1<S> aug and z = 1® buh, 
for a,b E A and g,h & T. Then EM®i{yxz) = Em^iH^ ® o(Tc,(6))x(1 ® Ugh) for all 
X e M®M. Thus, to prove (9.c), we may assume that y e Al^A and z = Ug, for some 

^^rxF. ^ 

Since \\EM®i{ypHxm)ug)\\2 < \\EM^j^{yp/\{xm)ug)\\2 < \\y\\\\EM^^{pA{x^)ug)\\2 
(here we use that y e M<SiA), it is sufficient to prove that 

(9.d) \\EM^^{pA{xm)ug)\\2 0, for all g e T x T 

Now, (a) gives that pA{xm) = E-yeri ^(a^m)P^(«7) = Er=i E^er^ ^(^m)«7«5(7)'"i- 
As A{x'^)a] e this identity implies that in order to get (9.d) it suffices to show 

that 

(9.e) II A{xl^)a]EM^^{us{j)U^Ug)\\2 ^0, for alH G {!,.., n} 

7eri 

To prove (9.e), fix i G {!,.., n} and denote v = UiUg. Since normalizes 
A®A we can find p^ G V{A®A) such that Ej^-^j^{us(^)v) — p^u§(^^^v. Since 5 is 1-1, 
the ^0^-bimodules {{A^A)us<^'y)v}^^Ti are mutually orthogonal. Altogether, (9.e) 
rewrites as 

(9.f) ^(l^(^m)l>ZI'P7) as m ^ 00 

Next, we claim that E7eri ''"(?'7) ^ Identify A = L°°(X), where (X, /u) is a 
probability space. Then a induces a free ergodic p.m.p. action V r\ X. On (X^, //^) := 
{X X X , n X n) we consider the direct product action of F x F: (71,72) o (a;i,a;2) = 
(713^1,723^2)- Let (f) be the automorphism of given by vav* = a o (f)~^, for all 
a G L°°(X^). Then is precisely the characteristic function of the set of a; G X^ 
satisfying (5(7) o (f))~'^{x) G (F x {e})x. 
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Hence, if we let ^ {x e X^\(p-\x) e (T x {e})6{-f)x}, then r(p^) = //^(Ky). If 
7, 7' e r satisfy fJ,'^{Yj fl Yy) > 0, then the freeness of the action F x F rv implies 
that (F X {e})5(7) n (F x {e})5{y) 7^ 0. Thus S{j)S{Y)-^ e F x {e}, hence 77'"^ e G. 
This shows that if G5{-f) D G5{y) = 0, then n'^{Y^ HY^) = 0. Since S is 1-1, it follows 
that J^-yer 1^"^ C^-y) — 1^1' hence J^-yer'^iPi) ^ claimed. 

To prove (9.f) and the claim, fix £ > and let F C Fi be finite such that 
E^erAF^^T) < ^- Since | k;;! |, | Kl |, | | < 1 and r(|A(a;;;)|2) = ||A(a;;;)||2 < 
I km Hi) we get that 

Y.r{\A{xl)\'\a]\%)<e+Y,\\^Ul 

Since ||a;5^||2 — >■ and £ > is arbitrary, this indeed proves (9.f). □ 

Recall that A.{x) = uAt{x)su*, for all x e M, and that At{x) = {x ^ l)q, for all 
X G C*. Since p < A(l) = usu* , it follows that u*pA{x)u = u*pu{x ® 1) and hence 
that I |t(,*pA(x)ti| I2 = ||p||2, for all x G U{C^). Then the above claim implies that we 
cannot find a sequence {xm}m>i C U{C^) such that | |£^a (a; 7^11*7) 1 12 0, for all 7 G F. 
Thus C* -<M A, which settles Case (1). 

Case (2). If Ai(L(Fo)) ^m®m ^(r)®l, then At(L(Fo)) ^m®m L{r)^l and Lemma 
9.2 (1) implies that i^(Fo) -<m C*. Since Fq is infinite, we derive a contradiction by 
arguing as the proof of (1). 

Case (3). If At(L(Fo)) ^m»m l®^(r): then At(L(Fo)) ^m®m l®^(r) and Lemma 
9.2 (2) implies that -£'(Fo) cannot be diffuse. This contradicts the fact that Fq is infinite. 

Case (4). If At{M) ^m®m L{T)®M, then At{M) ^m®m L{T)®M and Lemma 9.1 
(3) entails C* -<m L{T). Since a is mixing and C* is regular in M, [Po06a, Theorem 
3.1.] leads to a contradiction. 

Case (5). Assume that At{M)s -<m'^m M^L{r), for any non-zero projection s G 
At(M)' n q{M®M)q. Then the moreover part of Lemma 9.2 (4) gives that L(A)r -<m 
L(F), for any non-zero projection r G L(A)' fl A^. Since F is ICC, by reasoning as in the 
end of the proof of Theorem 2.1 we can find a unitary u e M such that uL{A)u* C F. 
This finishes the proof of the last case of Theorem 9.1. ■ 

§10. Further applications 

In this section, we derive several applications of the results of Section 8. 

(I) Group von Neumann algebra decomposition. First, we use Theorem 8.2 
to provide a large class of II 1 factors which cannot be decomposed as the group von 
Neumann algebra, L{G), of some countable group G. 
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10.1 Corollary. Let T be a countable ICC group which admits an infinite, almost 
normal subgroup Tq such that the inclusion (Fq C F) has the relative property (T). 
Assume that sup{|_ftr| \K is a finite subgroup ofT} is finite. Let I = 1{T) be the least 

common multiple of\K\, with K ranging over all finite subgroups ofV. 

Let B he a non-trivial abelian von Neumann algebra. Set M — Xa T and let 

p e V{M). 

If t{p) ^ {j, J, .., j}, then the IIi factor pMp is not isomorphic to a group von Neu- 
mann algebra. In particular, ifV is torsion free (i.e. 1 = 1), thenpMp is not isomorphic 
to a group von Neumann algebra, for any p ^ 1. 

Proof. Assume that pMp = N := L{G), for some projection p E M and a countable 
(necessarily) ICC group G. In other words, we have that M = N*, where t = t{p)~^. 

Next, let A : — )■ N'^N be the *-homomorphism given by ^(ug) = Ug®Ug, for all 
g E G. By amplifying A (as in the proof of Theorem 9.1), we get a *-homomorphism 
At: ^ A*®iV* such that T(At(l)) = t{p). We continue with: 

10.2 Lemma. Let Q <Z be a not necessarily unital von Neumann subalgebra. Then 

we have the following: 

(1) If At{Q) -<Art^Art A* (g) 1 or At{Q) -<Art^Art 1 ® A*, then Q cannot be diffuse. 

(2) // At(A*) ^j^t^j^t QW orAtiN') ^j^t^^t N'®Q, then A* -<7V* Q- 

The proof of this lemma is analogous to the proof of Lemma 9.1 and we therefore leave 
it as an exercise. 

Now, since M = A*, we can view A^ as a *-homomorphism A^ : M — >■ M®M. 
Thus, we can apply Theorem 8.2 to A^. Lemma 10.2 guarantees that conditions (1)- 
(2) from 8.2 are satisfied. Finally, by the last assertion of Theorem 8.2 we deduce that 
r{p) = T(At(l)) e /"^N, as claimed. ■ 

10.3 Remarks. (1) RecaU that AlT = (©r^) x T, where F acts on by shifting 
the copies of ^, is the wreath product of two groups A and F. Corollary 10.1 implies 

that if n > 3 and t G (0, 1) \ Q, then L(Z I SL^(Z))* is not a group von Neumann 
algebra. Indeed, SL„(Z) is ICC and has property (T) by Kazhdan's classical result 
([Ka67]). Additionally, if m > 3 then the kernel of the natural quotient SL^(Z) 
SL„(Z/mZ) is a torsion free group. This shows that \K\ < |SL^(Z/mZ)|, for every 
finite subgroup K of SL„ (Z) . 

(2) The first examples of IIi factors which are not group von Neumann algebras were 
exhibited by Connes by means of his x{M) invariant ([C75]). Recently, Popa's defor- 
mation/rigidity theory has been used to give new examples of such factors ([IPP08], 
[PV08a]). In all of these cases, one moreover proves that the IIi factors involved do 
not have anti-automorphisms, i.e. M ^ M°p. 

(3) If M is as in Corollary 10.1, then pMp admits an involutary anti-automorphism, for 
every p e V{M). Indeed, the formula $(aw^) = u^-ia, for a e B^ and 7 G F, defines 
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an anti-automorphism of M. If we take p e , then — p and $p — ^\pMp is an 
involutary anti-automorphism of pMp. 

The first examples of IIi factors which are not group von Neumann algebras and 
yet have anti-automorphisms have been constructed in [Jo80]. Wc point out that, 
as opposed to our examples, the examples constructed in [Jo08] have no involutary 
anti-automorphism. 

(II) Symmetry groups of IIi factors. Given a IIi factor M, there are three natural 
objects capturing the symmetries of M: J^{M), the fundamental group of M, Out(M), 
the outer automorphism group of M and Bimod(M), the set of bi-finite Hilbert M- 
bimodules T-L, i.e. such that dim(M'H), dim{'HM) < oo. 

The calculation of these invariants is an extremely challenging problem and it is 
only recently that explicit calculations were obtained for large families of IIi factors 
by using Popa's deformation/rigidity theory. While there is, by now, an extensive 
literature on this problem (see e.g. the introduction of [Va08]), we only mention here 
that the existence of IIi factors M for which J^(M), Out(M) and Bimod(M) are trivial 
has been proven in [Po06] , [IPP08] and [Va09] , respectively. 

In this subsection, we consider three natural invariants for IIi factors which gener- 
alize the ones from above. 

10.4 Definition. Let M be a IIi factor. Then wc define 

• J-'s(M), the fundamental semigroup of M, to be the set of t > for which there exists 
a unital *-homomorphism 6 : M ^ M*. 

• End(M), the endomorphism semigroup of M, to be the set of unital 
*-homomorphisms 9 : M ^ M, and 

• LFBimod(M), to be the set of left-finite Hilbert M-bimodules H, i.e. such that 
dim(M'H) < oo. 

It is clear that J-'s (M) is a semigroup (with respect to multiplication) which contains 
jF{M). Thus, whenever T{M) = (0, +oo) (e.g. if M is the hyperfinite IIi factor), we 
get that Ts{M) = (0, -|-cxo). Also, we have that N C -Fs(M). Furthermore, we have a 
dichotomy: either J^s(M)n(0, 1) = or J^s(M) = (0, +oo). This is a consequence of the 
following two facts: (-k) if {tn}n>i ^ J^s{M) is a sequence such that t :— X^^>i < oo, 
then t e J^s(M), and (*★) if s G (0, 1), then every t > can be written as t — ^^>i tm 
with tn being a power of s, for all n. 

Let us elaborate on the definition of LFBimod(M). Any left-finite Hilbert M- 
bimodule "H comes from a unital embedding of M into one of its amplifications ([C80a], 
see also [Po86]). Indeed, if t = dimM(K), then M'nM{n) = (M°p)* and thus we obtain 
a unital *-homomorphism 9 : M ^ M*. Conversely, any unital *-homomorphism 
9 : M ^ M* induces a left-finite M-bimodule, which we denote He- For this, first 
represent M* = p(M„(C) ® M)p, where n > t is an integer and p G Mn(C) ® M has 
normalized trace equal to K Then set He = (Mi^n(C) L'^{M))p and define the left 
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and right module actions hy x ■ ^ — x$, and ^ ■ x — i6{x). Note also that if T-L and K, 
are two left-finite M-bimodules then so is their Cannes tensor product, T-L ®m ^ (see 
[Po86, 1.3.4.]). 

As a consequence of Theorem 8.1 and of results from [OP07] we obtain the first 
(partial) calculations of these invariants. We refer the reader to [OP07, 2.4.] for the 
definition of the complete metric approximation property (abbreviated CMAP). 

10.5 Corollary. Let Fi, V2 he two ICC, torsion free groups, with T2 non-amenable. 
Assume that L{Ti), LiT2) have the CMAP (e.g. Fi = F^,F2 = ¥n, for 2 < m,n < 00) 
and set F = Fi x F2. 

Let B be a non-trivial abelian von Neumann algebra. Let cr : F — )• Aut{B^) be the 
Bernoulli action. Denote M = B^ xi F and A = B^ . 

If 6 : M ^ M* is a unital *-homomorphism for some t < 1, then t = 1. Moreover, 
there exist a character rj of F, an injective group morphism 5 : F — )■ F and a unitary 
u & M such that 0{A) C uAu* and d{uj) = r]{'y)uus(^j)U* , for all 7 e F. In particular, 
every 9 e End(M) is irreducible, i.e. 6{M)' n M = CI. 

In other words, if "H is a Hilbert M-bimodule with dimM('H) < 1, then we must 
have that dimM('H) = 1. Equivalently, Ts{M) fl (0, 1) = 0, i.e. M does not embed 
into M*, for t < 1. Moreover, Corollary 10.5 gives a description of End(M). Roughly 
speaking, every endomorphism ^ : M — )■ M is determined by the following data: 

• a character 77 of F, a group embedding (5 : F — )■ F and 

• a "realization" of a as a quotient of o"|j(r)- 

In view of Corollary 10.5, it seems reasonable to conjecture that there are IIi factors 
M for which LFBimod(M) is trivial, i.e. such that every left-finite Hilbert M-bimodule 
is isomorphic to L^(M)(8)^^, for some n > 1, where £^ is the Hilbert space of dimension 
n. In this case, we would necessarily have that J^s(M) = N and End(M) = Int(M). To 
support our conjecture, we notice below that, for certain IIi factors M, LFBimod(M) 
is "countably generated" (see Remark 10.8). 

Proof of Corollary 10.5. By Theorem 8.1 (applied to the situation N = M) we only need 
to argue that 9{M) y^M L{r). If this were not the case, then, since L{r) has the CMAP 
and M is a factor, we would get that M = 9{M) also has the CMAP. Notice that the 
restriction of a to F2 can be seen as the Bernoulli action of F2 on B^^ , where B = B^^ . 
Since Fl is infinite we have that B ^ L(Z) and thus M D B^ x^i^,^ F2 = L(Z I F2). 
Altogether, we would derive that L(Z I F2) has the CMAP. Since F2 is non-amenable 
this contradicts [OP07, Corollary 2.12.]. 

The irreducibility assertion follows easily from the first part. ■ 

(III) Group measure space decompositions of rigid factors. In this section, we 
consider IIi factors M which have property (T), in the sense of Connes- Jones [CJ85]. 
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Our main goal is to prove that M admits at most countably many group measure space 
decompositions (see Theorem 10.7). We start with the following lemma: 

10.6 Lemma. Let M and M. he two separable IIi factors, with M having property 
(T). Let {Aj : M — > e /} 6e an uncountable family of not necessarily unital 

• -homomorphisms. 

• Then there exists an uncountable subset J of I such that for every i,jEl we can 
find V E Ai satisfying v = Ai{l)vAj{l) and Ai{x)v = vAj{x), for all x G M. 

• Assume moreover that Aj is irreducible (i.e. Ai(M)' fl Ai(l) Ai(l) = CAj(l)j, for 
every i & I. Then for all i,j & J we have that r(Ai(l)) = r(Aj(l)) and that Aj = 
Ad{u) o Aj, for some u e U{A4). In particular, the set {T{Ai{l))\i e /} is countable. 

This lemma is proven by a separability argument going back to [C80b] (see also 
[Po86]). For completeness, let us sketch its proof. 

Proof. Let e G (0, |). After replacing / with an uncountable subset, we can assume 
that r(Aj(l)) G {{l—s)t, t), for all z G /, for some t G (0, 1). Let p E M.he a projection 
of trace t. Since T(Aj(l)) < t{p), we may assume that Ai{l) < p, for all z G /. 

Next, for every i,j G /, let Hi^j = L'^{A,{l)MAj{l)) and = Ai{l)Aj{l) G 'Hi,j. 
Endow with the Hilbert M-bimodule structure given hj x ■ ^ ■ y = Ai(a;)^Aj(y). 
Then for every x G U{M), we have that 

Ik • 6 J - ^i,3 ■A\ = l|Ai(a;)A,-(l) - A,(l)A,-(x)||2 < 

||A,(a;) - A,(a;)||2 + ||A,(1) -p||2 + ||A,(1) -p||2 < 2v^+ ||A,(a;) - A,(a;)||2. 
Also, it is easy to see that > ^/t{l — > 0. Thus, we have that 

Ik • Cij - a. • ^11 < + \\A,ix) - Ajix)\\, ^ 



1 16,,- 1 1 -1-2^ ^/^(l-2Vi) 

Since L^(A^) is a separable Hilbert space, this estimate implies that for every finite 
set F C U{M) we can find an uncountable set J C I such that < i-2v^ ' 

for all X G F an every i, j G J. Thus, if we choose s small enough, then property (T) 
quarantees that Hij has a central vector, for every i ^ j e J ([CJ85],[Po06c]). In 
other words, we can find v G Ai{l)M.Aj{l) such that Ai{x)v = vAj{x), for all x G M. 
This proves the first assertion. The second assertion is immediate once we notice that 
vv* G Ai(M)' n Ai{l)MAi{l) and v*v G Aj-(M)' n Aj{l)MAj{l). ■ 

We can now prove: 
10.7 Theorem. Let M be a property (T) II\ factor. Then 

(1) There exist at most countably many non-conjugate, free ergodic p.m.p. actions 
T r\X such that M ^ L°°(X) x F. 
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(2) The set oft>0 such that M* is isomorphic to the von Neumann algebra of a free 
ergodic p.m.p. action is countable. 

(3) The set of t > such that M* is isomorphic to a group von Neumann algebra is 
countable. 

Part (3) has been first proven in [Po07b, Section 4]. Below, we give a proof relying 
on a completely different argument. 

Proof. (1) Assume by contradiction that there exists an uncountable set / of mutually 
non-conjugate, free ergodic actions r\ Xi such that M = L°°(Xi) xi F^. For i E I, 
define Aj : M ^ M®M by Ai{aUj) = auj (g) u^, for all a e L°°{Xi) and every 7 e Fj. 

By Lemma 10.6 we can find an uncountable set J d I such that for every z, j e J, 
there exist 7^ t; G M®M satisfying /S.i{x)v = v/S.j[x), for all x £ M. Since Aj(a) = a, 
for all a G L°°(X,), we get that Aj(L°°(X,)) -<m®m M ®l. 

Lemma 9.2 then gives that L°°(Xj) Since L^{Xi) and are 

Cartan subalgebras of M, [Po06c, Theorem A.I.] implies that they are unitarily con- 
jugate. Therefore, the actions Fj rv X^ and Tj r\ Xj arc orbit equivalent ([Si55], 
[FM77]). Since M = L°^{Xi) x F^ has property (T), F^ also has property (T), for every 
i E I. Altogether, we have found an uncountable family of mutually non-conjugate, 
orbit equivalent, free ergodic actions of property (T) groups. This contradicts [PV08b, 
Corollary 6.3.]. 

(2) Since property (T) for IIi factors is closed under amplifications, it suffices to show 
that the set / = {t(p)| pMp is the von Neumann algebra of a free, ergodic action} 
is countable. Assume by contradiction that / is uncountable. For every t G /, let 

G M be a projection of trace t and let Ft Xt he a, free, ergodic action such that 
PtMpt = L°°{Xt) X Tt- Define 9t : PtMpt ptMpt®ptMpt by 6t{au^) = au^i^u^, for 
every a G L'^{Xt) and 7 G F^. 

By taking amplifications we get a *-homomorphism A^ : M — >■ M^M satisfying 
T(At(l)) = t. Since / is uncountable. Lemma 10.6 gives an uncountable set J G I such 
that for every s,t E J there is f G At(l) (M®M) As(l) satisfying /S.t{x)v = v/S.s(x), 
for aU X e M. 

By reasoning similarly to part (1), it follows that the actions F^ r\ Xf and F^ r\ Xg 

are stably orbit equivalent, for all s,t e J. More precisely, if TZt denotes the equivalence 

1 1 

relation induced by F^ r\ Xt, then TZ^ = , for all s,t G J. Here, TZ^ denotes the 
t-amplification of an equivalence relation TZ (for the definition, see e.g. [I0O8, Section 

s_ 

4]). Thus, if we fix t G J, then TZ^ = TZs, for every s E J. On the other hand, [I0O8, 
Theorem 5.9.] gives that the set {q > 0\7Zl is induced by a free action of a countable 
group} is countable. Thus, J must be countable, a contradiction. 

(3) It suffices to prove that / = {T{p)\pMp is a group von Neumann algebra} is count- 
able. For t e I, let G M be a projection of trace t and let F^ be a group such that 
PtMpt = L(Tt). Let 9t : L(Tt) L(Ft)®L(Ft) be given by 9t{u^) = <S> u^, for each 
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Since M is a factor, is ICC. Thus, the set {(7(77 ^, 7/17 ^)|7 G r^} is infinite, for 
all {g, h) e {Tt x r^) \ {(e,e)}. This fact implies that dt{L{Tt))' n L{Tt)®L{Tt) = CI, 
for all t. Since ptMpt = L{rt), by amplifying 9t we get a *-homomorphism : M — >■ 
M®M verifying r(At(l)) = t and At(M)' n At(l)(M®M)At(l) = CAt(l). 

Finally, Lemma 10.6 implies that / — {r{At{l))\t G /} is countable. ■ 

10.8 Remarks. (1) Let M be a IIi factor. Recall that every left-finite M-bimodule 
is of the form Hg, for some unital *-homomorphism 9 : M ^ M*. Notice that Tig is 
irreducible iff 0{M)' flM* = CI. Lemma 10.6 thus implies that if M has property (T), 
then there are only countably many irreducible left-finite Hilbert M-bimodules (up to 
isomorphism) . 

(2) A III factor M is solid li A' r\M is atomic, for any completely non-amenable von 
Neumann subalgebra A C M. N. Ozawa proved that L{V) is solid, for any hyperbolic 
group F ([Oz04]). If M is a non-amenable solid factor, then d{M)' fl M* is atomic, 
for every unital *-homomorphism 9 : M ^ M*. This fact implies that any left-finite 
M-bimodule is the direct sum of countably many irreducible left-finite M-bimodules. 

(3) Let us explain how (1) and (2) imply that there are IIi factors M with "few" 
left-finite bimodules. Indeed, take M = -^(F), for some hyperbolic, property (T) group 
F. Combining (1) and (2) yields that there exist a countable family of Hilbert M- 
bimodules {Hn}n>i such that every left-finite Hilbert M-bimodule H is the direct 
sum of some of the T-LnS. 

(4) Finally, note that N. Ozawa has very recently shown that if F is a hyperbolic, 
property (T), ICC group (e.g. any ICC lattice F < Sp(l,n)), then L(F) is a property 
(T) III factor which does not admit a group measure space decomposition ([OzlO]). 

(IV) III factors not isomorphic to twisted group von Neumann algebras. 

We end the paper by noticing that an extension of the results from Section 8 can 
be used to give examples of IIi factors that are not isomorphic to twisted group von 
Neumann algebras. Let us begin by recalling the construction of the von Neumann 
algebra Lq(G) arising from a countable group G and a 2-cocycle a G H^(G', T), i.e. a 
map a : G X G — 7> T satisfying (o) a{g, h)a{gh, k) = a{g, hk)a{h, k), for all g,h,k& G. 
First, the formula 

Ug{5h) = a{g,h)5gh, Mg.heG 

defines a projective unitary representation : G — )■ U{£'^G), where {dh}heG is the 
usual orthonormal basis of £^G. More precisely, UgU'jl — a{g, h)Ug^, for all g,h e G. 

Then La{G) is defined as the von Neumann algebra generated by {ug}g^G- Note 
that T : La{G) C given by T{Ug) = Sg^ea{e, e) is a faithful normal trace. 

We continue with two useful facts about twisted group von Neumann algebras. 

10.9 Lemma. Let G be a countable group and a G lP{G,T) be a 2-cocycle. Let a G 
lfi{G, T) be given by a{g, h) = a{g, h), for all g,h G G. Then 
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(1) The opposite von Neumann algebra Lq,(G)°^ is isomorphic to L-a{G). 

(2) The map A : G ^ Loc{G)®Loc{G)®L-a{G) given by A(ttp = u'^®u'^®u^, for every 
g & G, extends to a unital *-homomorphism A : La{G) — > Loi{G)<S>La{G)<S>La{G) . 

Proof. (1) Denote /3 = a{e, e) and notice that the cocycle identity (o) imphes that 
a{e, g) = /3, for all g E G. 

Now, for every g e G, define 0{Ug) = l3a{g, g~^)u'^_i G L-^{G). We claim that 9 
extends to a *-isomorphism 9 : Lct{G)°P — )■ La{G). To see this, it suffices to prove that 
9 is trace preserving and that 9{u'^Ug) = 9{Ug)9{u'^), for all g,h & G. Fix g^h & G. 

The first assertion holds because T{9{Ug)) — Pa{g, g~^)dg^eQ^{e, e) = Sg,eP — ^{Ug)- 
For the second assertion, using the cocycle identity twice yields that 

(lO.a) aih,g)aihg,g-^h-^)a{g-\h-^) = a{h,h-^)a{g,g-^h-^)a{g-\h-^) = 

= a{e, h~^)a{g, g~^)a{h, h~^) 

Since ^(«) = a{h,g)9{ulg) = /3a{h, g)a{hg, g-^h -^)u^_,f^_,, while 9{u'^)9{u'^) = 

/3'^a{g, g-'^)a{h,h-'^)u^_iU^_i = /3'^a{g,g-^)a{h,h-^)a{g-'^,h-'^)u^_if^_i, the second 
assertion follows by using (10. a). 

(2) Since A\q is clearly multiplicative and trace preserving, the conclusion follows. ■ 

Next, let us point out a generalization of the results from Section 8. Let F be a 
torsion free, ICC group which admits an infinite almost normal subgroup such that the 
inclusion (Fq C F) has the relative property (T). Let 5 be a non-trivial abelian von 
Neumann algebra and define M = -A V. 

Theorems 8.1 and 8.2 classify embeddings of M into itself and into M^M, rep- 
sectively. A straightforward modification of the proof of Theorem 8.2 shows that the 
embeddings of M into ®i=iM can be classified in a similar way, for every n ^ 1. 

10.10 Theorem. Let M = x F 6e as above and denote A = . 

Let A : M — )■ be a *-homomorphism, for some finite set S, and suppose that: 

(1) A(L(Fo)) L{Vf\^^\ for any s e S. 

(2) A(M) L(F){^>®M^\{^>, for any s E S. 

Then A must be unital and we can find a character rj of F, group homomorphisms 
5s : F — >■ F, for every s E S, and a unitary u e such that uA{A)u* C and 
uA{u^)u* = ?7(7)(®ses«<5,(7)); for every 7 e F. 

Here we denote by the tensor product algebra '^ses{M)s- For a subset S' C S 
and a von Neumann subalgebra Q C M, we view as a von Neumann subalgebra 
of M'^, in the obvious way. 

Finally, let us combine the last two results to give examples of IIi factors which are 
not isomorphic to twisted group von Neumann algebras. 
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10.11 Corollary. Let M be as above and p e M \ {1} be a projection. Then pMp is 
not isomorphic to La{G), for any countable group G and any a e lfi{G,T). 

Proof. Assume that pMp can be written as L^iG), for some projection p e M. Our 
goal is to prove that p = 1. First, by Remark 10.3 (3), we have that pMp is anti- 
isomorphic to itself, i.e. {pMp)"^ pMp. On the other hand, part (1) of Lemma 10.9 
gives that La{G)°P = Lo[{G). Altogether, we deduce the existence of a *-isomorphism 
e:L^{G)^La{G). 

Next, let S = {1, 2, 3} and consider the *-homomorphism 

Ai := {id^id^e)o A: L^{G) L^{Gf = ®J=iLa(G), 

where A is as in Lemma 10.9 (2). Concretely, we have that Ai{Ug) = Ug ^u'^ ®9{Ug), 
for all g & G. To simplify notation, denote N = La{G). Since Ai comes from a 
"diagonal embedding" of G, we have the following: 

Claim. Let Q C be a von Neumann subalgebra. 

(1) If Ai(Q) A^\-t*>, for some s e S, then Q is not diffuse. 

(2) If Ai(A) ■<NS Q{*}®A^\{*>, then N ■<n Q- 

The proof of this Claim is analogous to the proof of Lemma 9.2 and so we leave the 
details to the reader. 

Now, since N = pMp, by amplifying Ai : N — )■ A*^, we get a *-homomorphism 
A2 : M ^ M^, such that r(A2(l)) = T{pf. By using the Claim it is immediate that 
A2 verifies conditions (1) and (2) in Theorem 10.10. Thus, by applying Theorem 10.10 
it follows that A2 is unital, hence p — 1. ■ 
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